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INTRODUCTION 


The present Supplement contains a system of general methods for the solution of Optical 
Problems, together with some general results, deduced from the fundamental formula and view 
of Opties, which have been proposed in my former memoirs. The copious analytical headings, 
prefixed to the several numbers, and collected in the Table of Contents, will sufficiently explain 
the plan of the present communication; and it is only necessary to say a few words here, 
respecting some of the principal results. 

Of these the theory of external and internal conical retraction: deduced by my general 
methods from the principles of Fresnel will probably be thought the least undeserving of 
attention. It is right, therefore, to state that this theory had been deduced, and was communi- 
cated to a general meeting of the Royal Irish Academy, not at the earlier, but at the later of 
the two dates prefixed to the present Supplement. After making this communication to the 
Academy, in October, 1832, I requested Professor Lloyd to examine the question experimentally, 
and to try whether he could perceive any such phenomena in biaxal crystals, as my theory of 
conical refraction had led me to expect. The experiments of Professor Lloyd, confirming my 
theoretical expectations, have been published by him in the numbers of the London and Edin- 
burgh Philosophical Magazine, for the months of February and March, 1833; and they will be 
found with fuller details in the present Volume of the Irish Transactions.* 

I am informed that James MacCullagh, Esq., F.T.C.D., who published in the last preceding 
Volume of these Transactions a series of elegant Geometrical Illustrations of Fresnel's theory, 
has, since he heard of the experiments of Professor Lloyd, employed his own geometrical 
methods to confirm my results respecting the existence of those conoidal cusps and circles of 
contact on Fresnel’s wave, from which I had been led to the expectation of conical refraction. 
And on my lately mentioning to him that I had connected these cusps and circles on Fresnel's 
wave, with circles and cusps of the same kind on a certain other surface discovered by 
M. Cauchy,t by а general theory of reciprocal surfaces, which I stated last year at a general 
meeting of the Royal Irish Academy, Mr. MacCullagh said that he had arrived independently 
at similar results, and put into my hands a paper on the subject, which I have not yet been able 
to examine, but which will (I hope) be soon presented to the Academy, and published in their 
Transactions. } 

I ought also to mention, that on my writing in last November to Professor Airy, and com- 
municating to him my results respecting the cusps and circles on Fresnel’s wave, and my 
expectation of conical refraction which had not then been verified, Professor Airy replied that 

* [Vol. 17, part 1 (1837), pp. 145-157.] 


+ [GZuvres, 2nd Ser., t. 12, pp. 113 et seq.] 
t [Vol. 17, part 1 (1837), pp. 241-263: Collected Works of James MacCullagh, pp. 20-54; see also pp. 17-19.] 
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he had long been aware of the existence of the conoidal cusps, which indeed it is surprising that 
Fresnel did not perceive. Professor Airy, however, had not perceived the existence of the circles 
of contact, nor had he drawn from either cusps or circles any theory of conical refraction. 

This latter theory was deduced, by my general methods, from the hypothesis of transversal 
vibrations in a luminous ether, which hypothesis seems to have been first proposed by Dr. Young, 
but to have been independently framed and far more perfectly developed by Fresnel; and from 
Fresnel's other principle, of the existence of three rectangular axes of elasticity within a biaxal 
erystallised medium. The verification, therefore, of this theory of conical refraction, by the 
experiments of Professor Lloyd, must be considered as affording a new and important probability 
in favour of Fresnel's views: that is, à new encouragement to reason from those views, in 
combining and predicting appearances. 

The length to which the present Supplement has already extended, obliges me to reserve, 
for a future communication, many other results deduced by my general methods from the 
principle of the characteristic function: and especially a general theory of the focal lengths and 
aberrations of optical instruments of revolution.* 


Observatory, 
June, 1833. 


WILLIAM R. HAMILTON. 
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THIRD SUPPLEMENT 


Fundamental Formula of Mathematical Optics. Design of the present Supplement. 


1. When light is considered as propagated, according to that known general law which is 
called the law of least action, or of swiftest propagation, along any curved or polygon ray, ordinary 
or extraordinary, describing each element of that ray ds = (Фа? + dy? + dz?) with a molecular 
velocity or undulatory slowness v, which is supposed to depend, in the most general case, on the 
nature of the medium, the position and direction of the element, and the colour of the light, 
having only a finite number of values when these are given, and being therefore a function of the 
three rectangular coordinates, or marks of position, æ, y, z, the three differential ratios or cosines 


of direction, s 
_ da _ dy _ dz 
tret o Be is У = ds’ 


and a chromatic index or measure of colour, y, the form of which function v depends on and 
characterises the medium; then if we denote as follows the variation of this function, 


8v 
х 


dv ôv б àv du dv 
e dom Д Mp сні жый 


да бу, 


and if, by the help of the relation o? + 8? + у? = 1, we determine 


o 0 
da’ 8° by’ 
so as to satisfy the condition 


namely, by making v homogeneous of the first dimension with respect to a, 8, y; it has been 
shown, in my First Supplement,* that the variation of the definite integral V — f vds, considered 
as a function, which I have called the Characteristic Function of the final and initial coordinates, 
that is, the variation of the action, or the time, expended by light of any one colour, in going from 
one variable point to another, is 


BV =(8 | ods =) Š Ba — 5 Bal + геу — poy by + 5 bz = 5 Be (A) 
the accented being the initial quantities. This general equation, (A), which I have called the 
Equation of the Characteristic Function, involves very various and extensive consequences, and 
appears to me to include the whole of mathematical optics. I propose, in the present Supplement, 
to offer some additional remarks and methods, connected with the characteristic function V, and 
the fundamental formula (A); and in particular to point out a new view of the auxiliary function 
W, introduced in my former memoirs, and a new auxiliary function T, which may be employed 
with advantage in many optical researches: I shall also give some other general transformations 
and applications of the fundamental formula, and shall speak of the connection of my view of 
optics with the undulatory theory of light. 


* [See p. 110.] 
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Fundamental Problem of Mathematical Optics, and. Solution by the Fundamental 
Formula. Partial Differential Equations, respecting the Characteristic Function 
V, and common to all optical combinations. Deduction of the Medium- Functions 
Q, v, from this Characteristic Function V. Remarks on the new symbols c, т, v. 


2. It may be considered as a fundamental problem in Mathematical Optics, to which all others 
are reducible, to determine, for any proposed combination of media, the law of dependence of the 
two extreme directions of a curved or polygon ray, ordinary or extraordinary, on the positions of 
the two extreme points which are visually connected by that ray, and on the colour of the light: that 
is, in our present notation, to determine the law of dependence of the extreme direction-cosines 
а, B, y, с, B', у’, on the extreme coordinates 2, у, 2, 2^, y’, 2’, and on the chromatic index y. This 
fundamental problem is resolved by our fundamental formula (A); or by the six following equa- 
tions into which (A) resolves itself, and which express the law of dependence required: 


у 80, BY b, BV Мы, 
da да’ бу 5p’ $2 бү, н 
Вуди Y o MOM bl 
bn’ Sa’? éy ô 79 $2 y. 


These equations appear to require, for their application to any proposed combination, not only the 
knowledge of the form of the Characteristic Function V, that is, the law of dependence of the 
action or time on the extreme positions and on the colour, but also the knowledge of the forms 
of the functions v, v’, that is, the optical properties of the final and initial media; but these final 
and initial medium-functions v, v', may themselves be deduced from the one characteristic function 
V, by reasonings of the following kind. 


Whatever be the nature of the final medium, that is, whatever be the law of dependence of v 
on the position, direction, and colour, we have supposed, in deducing the general formula (A), 
that the expression of this dependence has been so prepared as to make the medium-function v 
homogeneous of the first dimension relatively to the direction-cosines а, 8, y; the partial differ- 


ential coefficients 
ду б dv 


ба, › 88 ? Sy D 
of this homogeneous function, are therefore themselves homogeneous, but of the dimension zero; 
that is, they are functions of the two ratios 


involving also, in general, the coordinates z, y, г, and the chromatic index x: if then we conceive 
the two ratios 


§- 2 
: у , y , 
to be eliminated between the three first of the equations (B), and if, in like manner, we conceive 
€ E 
y , y , 
to be eliminated between the three last equations (B), we see that such eliminations would give 


HMP 22 
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two partial differential equations of the first order, between the characteristic function V and the 
coordinates and colour, of the form 


ФУ èV ôV 
vg о (е by" 82’ sa da Ai х), n 
02 Q' 6y 3X. OF PAP P. m (©) 
A (- 5r. Sy’? - 82’ 7,2, х 


which both conduct to the following general equation, of the second order and third degree, 
common to all optical combinations,* 
жы КЫ ДАЛ OF, VOL. m ey sy ey 
баба” 8y8y' 8282 е блду dySz2’ 280 баг буба 20у 
"CPG, C9 T Е. 2. or or” PF (D) 
© 0202 дуду 6x67 ^ 628y' 8y8z/ dada" ' 0207 дуда бабу ` 


If now we put, for abridgment, 


i БҮ. eV 
м! sy d. $2 
BW 4 07 wv $953. 


VES UMS Wet RO D er 


(E) 


and if between the three first of these equations (E) we eliminate two of the three initial co- 
ordinates x’, у”, 2', 16 is easy to perceive, by (С) or (D), that in every optical combination the third 
coordinate will disappear ; and similarly that between the three last equations (E) we can elimi- 
nate all the three final coordinates, by eliminating any two of them; and that these elimin- 
ations will conduct to the relations (C) under the form 


0= 0 (о, т, о, 2, Y, 2, X) \ 
0 о , , , u , , | (F) 
=O (o, T,v,c,y,2,v) 
which can thus be obtained, by differentiation and elimination, from the characteristic function 
V alone: and which, as we are about to see, determine the forms of v, v', that is, the properties 
of the extreme media. Comparing the differentials of the relations (F), with the following, 
that is, with the conditions of homogeneity of v, v', prepared by the definitions (E) and by the 
relations (B), 


v-&G NIS. Dee —ac + Вт + yv, 
да ле dy (G) 
,9v àv f, cr £-7 
0 =a’ MP sg t 57 = с" +В'т' + уо, 
and with their differentials, that is with 
abo + 88т + ybu 5 дв + 5° by + 57 e+ 5 by 
(H) 


, , "S aN du’ àv by’ by’ 
a’ 0c + 8'8т' + у 8v = 5 ba ty +? 82’ uU x, 


* [(D) expresses that the Jacobian 164 ; at à; a) / 0 (2, y, 2), or 0 Ga. ay Ad 7 / 0 (2, y, 2), vanishes 
on account of (C).] 
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we find* 
« Q BQ y $0 
fout Nh bod (1) 
a r 8 _&0 у _ 800 
ён: | 6c ' v a T? "fra y? 
and also 
лә 50 — 15 iQ — 15 iQ _1%_г0 
vór бш voy dy’ vôs ôr’ vóy dy’ (K) 


_18& _ 60’ 1 dy’ _ 80" ,186 80 _ 1% Y 
v ba ba’ убу By’? Об 52' vix бу, 
if we so prepare the expressions of the relations (F) as to have 
Ж, 80,90 Li 
до дт бу (L) 
"X ,QO , 60" 
0 57 +7 р 5и 
which can be done by putting those relations under the form 
0= (02+ 13-3 9—1-— 0, | 
0= (0 + т'2 + 0/2) о’ –1= 07; 
іп which о, w’, that is, (o? -- 72+ u?) È, and (о'?-„т'%++1”®)7%, are to be expressed as functions 
respectively of c (02 + т? vt, т (02 + т + v?) 3, о (02 + т? uyt, аш, y, 2, x, and of 
a! (a3 47/24 v/ 275, т' (0' 24 12 E, v! (o 9-2 4 v 2)73, a’, у", 27, у. After this preparation 
the partial differential coefficients 


=l; 


(M) 


го гп го 
da’ дт’ dv’ 
are homogeneous of dimension zero relatively to о, т, v; and in like manner 
eQ' 80 80, 


bo” or” ow’ 
are homogeneous of dimension zero relatively to о’, т’, v'; if, therefore, between the three first 
equations (I), we eliminate any two of the three final quantities c, т, v, the third will disappear; 
and similarly all the three initial quantities ø’, т’, v’, can be eliminated together, between the 
three last of the equations (Т): and by these eliminations we shall be conducted to two relations 
of the form 


v-v (аза) 
о-и (EE ona) 


which determine the forms of the final and initial medium-functions v, v’; so that these forms 
сап be deduced from the form of the characteristic function V. We can therefore reduce to the 


* [When we make use of (О), the first lines of (I) and (К) may be written in the form (cf. (T?)) 
dr 80 da 80 
I= 55090, 4р = caeco 
These equations, which are іп the canonical form of dynamics, express the propagation of an element of the 
surface V = const. as 4 contact transformation along the ray.] 


(N) 


22-2 
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study of this one function V, that general problem of mathematical optics which has been 
already mentioned.* 

The partial differential coefficients of the characteristic function V, taken with respect to the 
coordinates z, y, z, are of continual occurrence in the optical methods of my present and former 
memoirs; I have therefore thought it useful to denote them in this Supplement by separate 
symbols, c, 7, v, and I shall show in a future number their meanings in the undulatory theory: 
namely, that they denote, in it, the components of normal slowness of propagation of a wave. 


Connection of the Characteristic Function V, with the Formation and Integration 
of the General Equations of a Curved Ray, Ordinary or Extraordinary. 


3. It may be considered as a particular case of the foregoing general problem, to determine 
general forms for the differential equations of a curved ray, ordinary or extraordinary; that is, 
to connect the general changes of direction with those of position, in the passage of light through 
a variable medium. The following forms, 


д0 ov dv до ди bv 
dm edd os ^ dm 54 (0) 
(which are of the second order, because @, В, y, a’, nt y, are defined by the equations 
dea. 8 = y^ 2 
ds ' E ; ds ' P 
mone (P) 
ds’’ 2 , ds' 


the symbol d referring, throughout the present Supplement, to motion along a ray, while 8 refers 
to arbitrary infinitesimal changes of position, direction, and colour, and ds’ being the initial 
element of the ray,) were deduced, in the First Supplement, by the Calculus of Variations, 
from the law of least action. The same forms (О), which are equivalent to but two distinct 
equations, may be deduced from the fundamental formula (A), by the properties of the charac- 
teristic function V. For, if we differentiate the first equation (C), (which involves the coefficients 
of this function V, and was deduced from the formula (A),) with reference to each of the three 
coordinates, æ, y, z, considered as three independent variables, and with reference to the index 
of colour xy, we find, by the foregoing number, 


D LATTICE RT, 
7 ба Sandy У 5255 8a’ 


LATE E JE 
"Бобу ^^ pA буй” ~ Sy’ 


ey P e Oy v) 
E772 dy бг Y $4 ~ 82’ 


ey ey ey. àv. 
to T у= 
baby бубу ! 8z8y — бл? 
* [For a fuller development of the foregoing argument, see Appendix, Note 13, p. 482. The dynamical inter- 
pretation of Hamilton's optical method is discussed in the Appendix, Note 14, p. 484, and the connection of this 


method with the modern Wave Mechanics is developed in the Appendix, Note 20, p. 500.] 
t [See p. 110.] 


(Q) 
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and the three first of these equations (Q), by the help of the general relations (B), which were 
themselves deduced from (А), and by the meanings (P) of a, B, y, may easily be transformed to 
(О). The differential equations (О) may also be regarded as the limits of the following, 


o— '=(%): т-т= (57), v-v- (5, (R) 


èV èV dV 
Gs). (зу), (8). 
are obtained by differentiating V considered as a function of the seven variables 2, у, 2, Aw, Ay, 


Az, x, if Ay z— s, Ay y — y, Az=z—2’'; the variation of V, when so considered, being by 
(A), and by the definitions (E), 


in which 


8V (0 — о')8а+ (т 7) y  (v— ИСА 
(8) 


(вав) = (535) =" (вс) = (Т) 


If we differentiate the first equation (C) relatively to z, y’, z', we find, by the foregoing 
number, 


in which 


êy ey 
0 = абу +? уру T arb 


ey 
Oma у +8 уур Y go (U) 


BY BY ау 
Ome 71" + 77 TT ТТА, 


of which, in virtue of (D), any two include the third, and which may be put by (P) under the 


form 

V. èV êv. | 
$л/? ix 7L O=d 55; (V) 
and these differential equations (V) of the first order, in which the initial coordinates and the 
colour are constant, belong to the ray, and may be regarded as integrals of (O). They have, 
themselves, for integrals, 


02d =— 


a const., y const., oY = const., (W) 


the constants being, by (B), the values of the initial quantities 
bv dw — M 
8a’ , 5 В’ ўа. "= ôy’ ° 
In like manner, by differentiating the last equation (C), we find the following equations, 
which are analogous to (Q) and (U), | 
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к@Йти Өн уен. Ж epi à 
Y бру Sa’ бу ' бб бй, 
j gage. o Lo genae By 
Bey t Bye +? уб" Зу” 
y" ор" ra ae 
yay? 59527 * Y $623 бе, 
, BY [LIN LONE А 
ba’ dy t у Ox T4 2 у ^ ex^ 


a 
(X) 


a 


a 
and : 
‚йү „т ау 
Bah) TE ahy ^ Y 557: 
‚аў „иу BY 
ya + P бубу +Y yaz’ ү 


‚эу „зу, ‚йү 
Баб бебу' У 82527 ' 


О= а 
О.= а 
024 


The second members of the three first equations (X) vanish when the initial medium is uniform, 
and those of the three first equations (Q) when the final medium is so ; and in this latter case, 
of a final uniform medium, the final portion of the ray is straight, and in its whole extent we 
have not only the equations (W) but also the following, 


x — const., a const., he = const., (Z) 


the constants being by (B) those functions of the final direction-cosines and of the colour which 
we have denoted by 


» by by 

da’ 8° ду. 
and which are here independent of the coordinates. In general, if we consider the final co- 
ordinates and the colour as constant, the relations (Z) between the initial coordinates are forms 
for the equations of a ray. And though we have hitherto considered rectangular coordinates 


only, yet we shall show in a future number that there are analogous results for oblique and even 
for polar coordinates. 


Transformations of the Fundamental Formula. New View of the Auxiliary 
Function W; New Auxiliary Function T. Deductions of the Characteristic 
and Auxiliary Functions, V, W, T, each from each. General Theorem of 
Maxima and Minima, which includes all the details of such deductions. 


Remarks on the respective advantages of the Characteristic and Auxiliary 
Functions. 


4, The fundamental equation (A) may be put under the form 


BY = cha — o'i + т8у—т'ду ole c i + у By (A’) 
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employing the definitions (E), and introducing the variation of colour; it admits also of the 
two following general transformations, * 


BW abo уёт + zdu cha! y +082 — 5 By, (B^) 
and 
BI = abs —a/ bo! + yðr убт + zv- M — F- ÒX (C^) 
in which 
W=—-V+ao+ yr + 20, (D^) 
and 
T2W-a'c'—yc – 20. (E) 


In the two foregoing Supplements, the quantity W was introduced, and was considered as a 
function of the final direction-cosines а, 8, y, the final medium being regarded as uniform, and 
the luminous origin and colour as given; we shall now take another and a more general view of 
this auxiliary function W, and shall consider it as depending, by (B^), for all optical combinations, 
on the seven quantities c, т, v, 2", y’, Z', x. In like manner, we shall consider the new auxiliary func- 
tion T'as depending, by the new transformation (C), on the seven quantities c, т, v, o’, T’, v', x. The 
forms of these auxiliary functions, W, Т, are connected with each other, and with the characteristic 
function V, by relations of which the knowledge is important, in the theory of optical systems, 
Let us therefore consider how the form of each of the three functions, V, W, T, can be deduced 
from the form of either of the other two. 


These deductions may all be effected by suitable applications of the three forms (A") (B^) (C^, 
of our fundamental equation (A), together with the definitions (D') (Е), as we shall soon see 
more in detail, by means of the following remarks. 

When the form of the characteristic function V is known, and it is required to deduce the 
form of the auxiliary function W, we are to eliminate the three final coordinates, 2, y, z, between 
the equation (D^) and the three first of the equations (E); and similarly when it is required to 
deduce the form of T from that of V, we are to eliminate the six final and initial coordinates 
æ, Y, 2, 2', у, Z', between the six equations (E), (which are all included in the formula (A’),) and 
the following, 

T=-Vt+ac—a'o' + yr — ут 4+ zv 20: (F^) 


and if 16 be required to deduce the form of 7 from that of W, we are to eliminate the three 
initial coordinates a’, y, z', between the equation (E^) and the three following general equations, 


6 ,9W кыЛ, , 
ial у, din du y СЫ (G^) 


But when it is required to deduce reciprocally V from 7 or from W, ог W from T, we must 

distinguish between the cases of variable and of uniform media; because we must then use the 

equations into which (B') and (C’) resolve themselves, and this resolution, when the extreme 

media are not both variable, requires the consideration of the connexion that then exists between 

the quantities c, т, v, с’, т’, v’, x: which circumstance also, of a connexion between these variable - 
quantities, leaves a partial indeterminateness in the forms of T and W as deduced from V, and 

in the form of 7' as deduced from W, for the case of uniform media. 


* [See Appendix, Note 15, p. 488.] 
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When the final medium is variable, then c, т, v, y, may in general vary independently, and 
the equation (B’) gives 
аР. ФИ, ФИ GA i 
$e eh Sa te Re A oy. ду, ( 
and, in this case, V can in general be deduced from W by eliminating c, т, v, between the 
equation (D^), and the three first equations (H^). But if the final medium be uniform, then 
c, T, v, X, are connected by the first of the relations (F), from which, in this case, the final co- 
ordinates disappear; and instead of the four equations (H’) we have the three following 


ти NN M 


je Bs Bee CR У Y ВЫЙ 0 
mo WEN а 
дс дт бу by 
by means of the two first of which, combined with the relation already mentioned, namely, 
0 — 0 (о, т, v, x), (K’) 


which depends on, and characterises, the nature of the final uniform medium, we can eliminate 
с, т, v, from the equation (D’), and so deduce V from W. 
In like manner, if both the extreme media be variable, then the seven quantities o,7,v,0’,7’,u’, x, 
may in general vary independently, and the equation (C’) resolves itself into the seven following, 
5I. Ly oT _ OR dU UNE т IPC y 
io AE ы Ta xD" 
by the three first and three last of which we can eliminate ø, т, v, с’, т’, v', from (F^), and so deduce 
V from Т. And in the same case, or even in the case when only the initial medium is variable, 
the three last of the equations (L’) are true, and suffice to eliminate c^, T’, v’, from (E^), and so to 
deduce W from T. 
But if the final medium be uniform, the initial being still variable, then о, т, v, у, are con- 
nected by the relation (K’), while c^, т’, v', remain independent; and instead of the four first 
equations (L') we have the three following, 


TOT си Щр 50V 


jo Fiche У AES, 4 бу X. Ў 
ШЕ С ЖЫЙ C T2 
óc бт бу dy 


by the two first of which, combined with the relation (K’), and with the three last equations (L’), 
we can eliminate c, т, v, с’, 7’, v', from (F^), and so deduce V from 7. 
If both the extreme media be uniform, we have then not only the relation (K’) for the final 
medium, but also an analogous relation 
0=0' (o, т, V, v) (N’) 
for the initial; and instead of the seven equations (L’), we have the two first of the equations 


(M^), and the two following, 
0o v1 1 oT BETIS 
$57 + 2 $7 ty 8v/ +2 
tr eee еер, 


ôo’ 5r... BF 


(0) 
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together with this equation, 
тк z eT êV .60 ôo’ 


in which X is the common value of the three first equated quantities in (M^), and № is the common 
value of the three equated quantities in (O'). And in this case, by means of the two equations 
(O^, and the two that remain of (M^), combined with the two relations (K^) (N^), we can eliminate 
c, T, v, с', T', v', from (F^), and so deduce V from 7: while, in the same case, or even if the initial 
medium alone be uniform, we are to deduce W from T, by eliminating c', 7', v', between the 
equations (E^) (№) (O^). 

When all the media of the combination are not only uniform, but bounded by plane surfaces, 
which happens in investigations respecting prisms, ordinary or extraordinary, then of the seven 
quantities c, т, v, с’, т’, v’, x, only three are independent; two other relations existing besides 


(K^) and (№), which may be thus denoted, 
02 Q" (о, T, v, с’, T, v, * 
0 = Q/" (о, T, V, с', T, v, х); 


(Q^) 


because, in this case, the initial direction, and the colour, determine the final direction. In this 
case, we may still treat the variations of c, т, v, с’, т’, v', x, as independent, in 67’, by introducing 
the variations of the four conditions (K’) (N^) (Q^, multiplied by factors X, №, X", №”, that is by 
putting 


BT — або — а 8o! + уёт — у Br’ 20v — 8и — ir By HASO HNEV HASO” A" 807": (В/) 


an equation which decomposes itself into the seven following, 


eT $60 " 60" » 50," 
io Ду dino А, Де тч, А oat 

eT 60 гі 60" ak! 60'" 

А ААГ tU 

oT 60 eh tae 

ноо. Sane M Y 2 

eT ME GA I cul. , 
oT 20, 60” 80, 


Е Lus # ыа n ttt 
"дый тү i) ы or’ Faà or’ ' 


ôT М ООО" o Lu X. 
BEC A = Cie г: 
Some MILD 8n" „60 
Ew by TX “by +X it x Й 
between the six first of which, and the five equations marked (F") (K’) (N^) (Q^), we can eliminate 
the ten quantities c, т, v, c, 7’, и, X, №, X", N”, and thus deduce the relation between 
V, «, y, 2, æ, y, 2, x, from that between 7, c, т, v, a, 1, v’, x. It is easy to extend this method 
to other cases, in which there exists a mutual dependence, expressed by any number of equations, 
between the seven quantities c, т, v, c", т’, и, x. 


HMP 23 
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And all the foregoing details respecting the mutual deductions of the functions V, W, T, may 
be summed up in this one rule or theorem: that each of these three functions may be deduced 
from either of the other two, by using one of the three equations (D^) (E) (F") and by making 
the sought function a maximum or minimum with respect to the variables that are to be eliminated. 
For example we may deduce 7' from V, by making the expression (F") a maximum or minimum 
with respect to the initial and final coordinates. 

An optical combination is more perfectly characterised by the original function V, than by 
either of the two connected and auxiliary functions W, 7'; because V enables us to determine the 
properties of the extreme media, which W and T do not; but there is an advantage in using 
these latter functions when the extreme media are uniform and known, because the known 
relations which in this case exist, of the forms (K’) and (№), (together with the other relations 
(Q^) which arise when the combination is prismatic,) leave fewer independent variables in the 
auxiliary than in the original funetion. At the same time, as has been already remarked, and 
will be afterwards more fully shown, the existence of relations between the variables produces a 
partial indeterminateness in the forms of the auxiliary functions, from which the characteristic 
function V is free, but which is rather advantageous than the contrary, because it permits us to 
introduce suppositions and transformations, that contribute to elegance or simplicity. 


General Transformations, by the Auxiliary Functions W, T, of the Partial Dif- 
ferential Equations in V. Other Partial Differential Equations in V, for 
Extreme Uniform Media. Integration of these Equations, by the Functions W, T. 


5. Another advantage of the auxiliary functions W, T, is that they serve to transform, and 
in the case of extreme uniform media to integrate, the partial differential equations (C), which 
the characteristic function V must satisfy. In fact, if the final medium be variable, the first of 
the two partial differential equations (C) may be put by the foregoing number under the two 
following forms, 


0 0 (s, т, 6 SW 8W ) 


” Sa? Bri бо Х | 

0- D (s 2, 52 os uae ) i 

UU Be LZS ea 

and if the initial medium be variable, the second of the two partial differential equations (C) may 
be put under these two forms, 

E CAU A 
ez > by’ , ez! РД ) > ? X > 
67 0x vem ) ; 


“фә, be ex 


(0) 
0= 0, (s^. TP, 


of which indeed the first is general. But if the final medium be uniform, then W remains an 
arbitrary function of the four variables c, т, v, y, which are in this case connected with each 
other by the relation (K’); and the two equations (D^) (K^), together with the two first of 
those marked (1^), compose a system, which is a form for the integral of the partial differential 
equation 

0-0 ( eV ôV ), 


на фе tae . "aims , 
da’ бу! dz’ X m 
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to which the first equation (C) in this case reduces itself. In like manner, if both the extreme 
media be uniform, in which case the second equation (C) reduces itself to the form 
"Wy ee S SY 
0-0 (-g: "ey" Cg"! x): 
the system of the partial differential equations (V ^) (W^) has for integral the system composed 
of the equations (F^) (K^) (N^) (O^) and the two first equations (M^) in which 7' is considered 
an arbitrary function of c, т, v, с’, т’, v’, x. It will be found that these integrals are extensively 
useful, in the study of optical combinations. 
The two partial differential equations, (V^) (W^), of the first order, are themselves integrals 
of the two following, of the second order,* 
eyeyey oy PY Or Py (ert BY OVE (QVEM y 
А da 5 t Baby Буй бе" Bat (Буй) + Sya (oss) 5 (535) Y 
an 
ey èy &V amo CPF По Vif Р ИЕ Ty PVN „Ру M ү' 
Ba? Буз Бї + 5759 БУБУ Sal bal "ЫЛ (бута) +$уз (872) 57 iy) () 
Which are obtained by elimination from (Q) and (X), after making 


(W/) 


cu JN бе 0; 

ba by д2 к 
, , , (Z) 

P ua ay @ lg 

cen ТТЕ 


The system of the three first of these six equations (Z'), or the partial differential equation of 
the second order (X’), or its integral of the first order (V^), expresses that the final medium is 
uniform ; and the uniformity of the initial medium is, in like manner, expressed by the three 
last equations (Z^), or by the partial differential equation (Y^), or by its integral of the first 
order (W^). The integral systems of equations, also, which we have already assigned, express 
properties peculiar to optical combinations that have one or both of the extreme media uniform. 
The first equation (U’) has for transformation the second equation (U’), when the initial 
medium is variable; and it has for integral, when the initial medium is uniform, the system 
(E^) (N^) (O^), by which, in that case, W is deduced from the arbitrary function 7’: while, in 
the same case, of an initial uniform medium, the first equation (U^) becomes of the form 
‚И èW èW 
0-10 (w Sy’ 527° х), 
and is an integral of the following equation of the second order, analogous to (Y), 
SW Sw ew ey sw ow w;s9WwWwy 9w/89Ww SW / ew ү p 
527% Sy? 221 + ial by) БУ? БЫ? ~ e \5у5г) ү Зу (57) +з (88у). ©) 
When the final medium is variable, the function W satisfies the following partial differential 
equation, analogous to the general equation (D), 
РЕ Py PW. PW FW OW, PW SW FW 
csr rsy 5052 * Baby $тёг' Suda! * 8052 ӧт8а7 $обу' 
РҮ ew pw ow sw sw &W РЕ SW. 


(А?) 


= gusa Sry bosz +t Buby rôz боба * Subd бт Бобу! (0) 
* [(X’) expresses the vanishing of the Jacobian д Ge ПА x) / 3 (x, y,#) by virtue of (V^.] 
23-2 
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and when both the extreme media are variable, the function 7' satisfies the following analogous 
equation, 
DDOPT BET OT PTS.ST RE GU ST 
óc 8o 8т8т' биби t abr 8807 Buda! ` 8080 бтба' бибт' 
pp pun guru comp Жш. ж Эф... 
7 5,807 8тёт' Sabu’  Bubr' Drbv' баба! 5050 бтбо' Bor" 


(D?) 


General Deductions and Transformations of the Differential and Integral Equations 
of a Curved or Straight Ray, Ordinary or Extraordinary, by the Auxiliary 
Functions W, Т. 


6. The auxiliary functions W, 7, give new equations for the initial and final portions of 
a curved or polygon ray. Thus the function W gives generally the following equations, between 
the final quantities c, т, v, analogous to the equations (W), 


6W 


ОТ const., ro const., E = const., (E?) 


in which z, у', 2’, are the coordinates of some fixed point on the initial portion, and the constants 
are, by (G^), the corresponding values of the initial quantities c", т’, v’, The equations (E?) have 
for differentials the following, 


BY Bw. saw 

0 = sou бо + Scag бт 5иб ©” 

NO Bw. sw : 

0= 557 de Sab ‚Ят + к—у—у By dv, (F?) 
BY ө o ew ЕИ 

0 — go87 00 * 887 бт * $о5 о; 


d still referring to motion along a ray: and if we combine these with the following, 


6v W 8v W до 8?W 


= Ba Sada! * By brbu! бе боба? 
д0 OW б> &W bu И А 
°= 7177. + 8y ry + бе бод” aie 


_ ou OW „% ow + ea 
0 8982г дудтд2 ^ Oz8vóz' 


which are obtained by differentiating the first equation (T^) relatively to the initial coordinates 
a’, у, 2’, and by attending to the relations (К), we see that for a curved ray the differentials 
do, dr, dv, are proportional to . 


ba’ dy’ bz’ 
and from this proportionality, combined with the relation 


ado + 84т + удо (a 59 IP ty) di, (H2) 
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which results from (Н) and (P), we can easily infer the equations (О): these differential equa- 
tions (О) for the final portion of а curved ray, which can be extended to the initial portion by 
merely aecenting the symbols, may therefore be deduced from the consideration of the auxiliary 
function W. The equations (О) for a curved ray, may also be deduced from the function W, by 
combining the differentials d of the three first equations (H^), with the partial differentials of 
the first equation (T^), taken with respect to c, т, v. 


The same auxiliary function W gives for the final straight portion of a polygon ray, the two 
first equations (I^), which may be thus written, 


79-46-1679 Т 


these equations may also be put under the form 


бс ёт êv 6 
259 *789 +259 50, 
дс бт ôv ôW 
"$$ 789 ^89 BG 


(К?) 


if in virtue of (K^), we consider c, т, v, as functions, each, of xy, and of two other independent 
variables denoted by 6, ф, and consider W as a function of the six independent variables 6, ¢, х, 
a’, y', 2’. We may choose c, т, for the independent variables 0, ф, considering v as, by (K^), a 
function of c, т, xy, such that by (H), 


Senna RT" рер, (12) 


and considering W as a function of the six independent variables о, т, x, 2’, y’, Z' ; and then the 
equations (I?) or (К?), for the final straight portion of a polygon ray, ordinary or extraordinary, 
will take these simpler forms, which we shall have frequent occasion to employ, 
а И. B. 6W ў 
"tet И PU UNS (M?) 


The other auxiliary function, 7, gives the following equations between c, т, v, for the final 
portion, straight or curved, when the initial medium is variable, 


i = const., a = const., 01 = const., (№) 


in which o’, 7’, и, belong to some point on the initial portion, and in which the constants аге, 
by (L/), the negatives of the coordinates of that point; it gives, in like manner, for the initial 
portion, when the final medium is variable, the following equations between c", т’, v’, 


=. const., E = const., x = const., (0*) 


с, т, v, belonging to some point upon the final portion, and the constants being the coordinates 


of that point: and from these equations we might deduce tle differential equations (O), by 
processes analogous to those already mentioned. When both the extreme media are uniform, 
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and therefore both the extreme portions straight, we have, for these straight portions, the 
following equations, deduced from (M) (O^) (Т), 

1 eT 

pent 

H (P?) 


6-286 -1- 
E (0929-109) 


which may be thus transformed, 


óc дт Фо Т 
0= а 59 +7 59 t? 50—59° 

дс 
О=2 = +у с, +2 с, — т 

д д Sh bh’ 

, do" : и Т es uM 

с T v 
Oma! ap CY 59 +2 5р tag 
j oo" AN. ,9T e" ;0V 251 
69 ^ 89 ^^ Bg p 
if, as before, by virtue of (K’), we consider c, т, v, as functions, each, of y and of two other inde- 
pendent variables 0, ф, considering similarly o’, т’, v’, as functions, each, by (N’), of three 
independent variables 0", ¢’, у; and T as a function of the five independent variables 6, ф, 0', $’, x. 
If we choose the independent variables 6, ф, so as to coincide with с, т, and if in like manner we 
take c", т’, for the independent variables 0’, $', making, by (Н), 
LADO ла PTS" Жыз. (R?) 
óc y' ёт у’ dy y бу 

and considering 7 as a function of the five independent variables c, т, с’, т’, Y, we have the 
following transformed equations for the extreme straight portions of a polygon ray, ordinary or 
extraordinary, 


02 а 


ic $ "m 
Eee REMO he ee 
=@ 7 de”? = 72 + ро: 


which are analogous to the equations (M?) and, like them, will often be found useful. 

It may be remarked here, that from the differential equations (O) of a curved ray, ordinary 
or extraordinary, to which, in the present and former numbers, we have been conducted by so 
many processes, the following may be deduced, 


-2r |50. (у бт ‚80 y dv 80, 
7 GE 5. de! oc vol эйр лагы е ун (T) 
м, He 
dW = (о ey +2 52) ds = ade +ydr одо 


We may also remark, that when the final medium is uniform, and when therefore the quantities 
c, T, v, X, are connected by a relation (K^), the quantity 


n 
W (c? + т? +?) 2 
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may, in general, by means of this relation, be expressed as a function of 


Ж... з 24.2 
T» sonne», 


v 


n 
and that T'(c? + 7? + v?) 23 may, in like manner, be expressed as a function of 


ii e MP CRUS, 1 
vy’ А с 
and that therefore W, Т, may both be made homogeneous functions, of any assumed dimension 


n, relatively to c, т, v, во as to satisfy the following conditions 
oO 4 д W ,9W ү; 
0 $2 7 Sr v 


PE +7 Ri =nT, 


(U*) 


With this preparation, the two first equations (I’), and the two first equations (M’), which 
belong to the straight final portion of the ray, may be transformed by (L) to the following, 


2-20 (sg + y + v) -nwi ARES. 
y — 22 (ea + тужы) = E -ow SO CRT aS, (Y?) 


= ga (rm + ry um у-у = A ата, 


If then we make n=1, that is if we make W homogeneous of the first dimension relatively to 
c, т, v, and if we attend to the relation (D'), we see that the equations of this straight final 
portion may be thus written, 


ôw 60 ò T a 60 2 60 е 
=н р Уе КУ р, == У с, (W°) 
of which any two include the third, and which we shall often hereafter employ, on account of 
their symmetry. 
In like manner, when the initial medium is uniform, and therefore the initial portion straight, 
the equations (O^) of this straight portion may be put under the form, 


oO old +ту ea) 05 nes ў 
ум D eo vy +z) way, (X?) 
oT 60’ 


г – ola! ey +007) е рут 8v , 


by making 7 homogeneous of dimension n’ relatively to g’, 7', v’, so as to have 


— =nT. 


ost teat у 
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If both the extreme media be uniform, and if we make n = 0, п’ = 0, that is if we express 
W as a function of 


and 7 as a function of 


we find the following forms for the equations of the extreme straight portions of a polygon ray, 
ordinary or extraordinary, less simple than (8°), but more symmetric, 


80, oW eT 
2 – 5 (02 + ту +02) = -у— = 5, 
20, 6 èT 
y — 5, (02 + ту + ш)= =, 
60, 6 eT 


гр p | (2?) 


60 y ГВ А ut 
© rdi (па + ry 4- v'z i з 7 


, 9Q' ‘a! + yl + КЫ ee 
527 (9 @ TY +02) = БЕ? 


8 oT 


2! IN О; (o'a + т ГА + v'z' Рр re 
du’ Y òv ` 


The case of prismatic combinations may be treated as in the fourth number. 


General Remarks on the Connexions between the Partial Differential Coefficients of 
the Second Order of the Functions V, W, T. General Method of investigating 
those Connexions. Deductions of the Coefficients of V from those of W, when 
the Final Medium is uniform. 


7. It is easy to see, from the manner in which the equations of a ray involve the partial 
differential coefficients of the first order, of the functions V, W, T, that the partial differential 
coefficients of the second order, of the same three functions, must present themselves in investi- 
gations respecting the geometrical relations between infinitely near rays of a system; and that 
therefore it must be useful to know the general connexions between these coefficients of the 
second order. Connexions of this kind, between the coefficients of the second order of the 
characteristic function V, taken with respect to the final coordinates, and those of the auxiliary 
function W, considered as belonging to a final system of straight rays of a given colour, which 
issued originally from a given luminous point, were investigated in the First Supplement; but 
these connexions will now be considered in a more general manner, and will be extended to the 
new auxiliary function 7, which was not introduced before: the new investigations will differ 
also from the former, by making W depend on the quantities c, т, v, rather than on а, 8, у. 


The general problem of investigating these connexions may be decomposed into many 
particular problems, aecording to the way in which we pair the functions, and according as we 
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suppose the extreme media to be uniform or variable; but all these particular problems may be 
resolved by attending to the following general principle, that the connexions between the partial 
differential coefficients of the three functions, whether of the second or of higher orders, are to 
be obtained by differentiating and comparing the equations which connect the three functions 
themselves: that is, by differentiating and comparing the three forms (A’) (B’) (C’) of the 
fundamental equation (A), and the equations into which these forms (A’) (B’) (C’) resolve 
themselves. 


Thus, to deduce the twenty-eight partial differential coefficients of the second order, of the 
characteristic function V, taken with respect to the extreme coordinates and the colour, from 
the coefficients of the same order of the auxiliary function W, or Т, we are to differentiate the 
equations into which (B’) or (C’) resolves itself, together with the relations between the variables 
on which W or 7 depends, if any such relations exist; and then by elimination to deduce the 
variations of the first order of the seven coefficients of the variation (A’) as linear functions of 
the seven variations of the first order of the extreme coordinates and the colour: these seven 
linear functions will have forty-nine coefficients, of which, however, only twenty-eight will be 
distinct, and these will be the coefficients sought. 


More particularly, if the final medium be variable, and if it be required to deduce the 
coefficients of the second order of V from those of W, we first obtain expressions for бе, 57, до, 
as linear functions of da, dy, z, a’, dy’, dz’, dy, from the differentials of the three first equations 
(H^) deduced from (B^), expressions which will necessarily satisfy the first condition (H); we 
then substitute these expressions for до, ёт, du, in the differentials of the three equations (G^), 
deduced from (B’), so as to get analogous expressions for 50’, dr’, 8v', which must satisfy the 
second condition (H); and substituting the same expressions for до, ôr, до, in the differential of 
the last equation (H’), also deduced from (B’), we get an expression of the same kind for 
8 14 after which, we have only to compare the expressions so obtained, with the following, 
that is, with the differentials of the equations into which the formula (A") resolves itself, 


EP. ИЕ ор a. V. ИР. PV. гт 
bo = ра ba + Baby OY + ЛЛ. "ДЫ + Y + Saag 5° + 525550 

SV. BV. MF. BY, р, , р, WV 
br = к, е + ууа OY + Bags де +з уу + Bry OY + ууш ©” + зуу 00 


ey ey ey ey ey ey ey 
- Sas” jd Буба V + 52 + ALA жый ôzõy' ôy + 262’ wil 820x 5% 


= Bol = oar prag By + урур Be + FI + ууз BY + эур È” + ws, 00 (A3) 
ar = Spy Bak pray BY peg Be gag gg В + улуду, 
= Bum P es a byt руле riz I + gry by + EA + grig OX 
Y oF tet pay by + су Bet pup, Be + poy BY + губ + а Зу 
Lu A 
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But if the final medium be uniform, then c, т, v, у, are not independent, but related by (K’); 
and the formula (B’) resolves itself, not into the seven equations (G’) and (H’) but into the six 
equations (G^) and (T^), the differentials of which are to be combined with the differential of the 


relation (K’), so as to give the expressions for 8c, дт, du, 80’, дт’, dv’, r4 which are to be 


compared with (A?) as before. And in this case, of a final uniform medium, we may employ, 
instead of the two first equations (l') any of the transformations of those equations in the 
foregoing number; or we may employ the following transformations of (І), 


буо ôW, бу ôW, „9° V 6 & 
ТТ EL ri жк UE Bee (B) 


in which W is considered as a function of the six independent variables о, т, x, 2, у, 2, 
obtained by substituting for v its value as a function of о, т, у; the form of which function v 
depends on and characterises the properties of the final medium, and is deduced from the 
relation (K’). It may be useful here to go through the process last indicated, both to explain its 
nature more fully, and to have its results ready for future researches. 


Differentiating therefore the two first equations (B?), we obtain 


du А н 6%› (9W AP o Kw ду 
bet 80808 cts Pro (Ces —* боз) 9 + (Sea, Phebe) 8" e 
бу LO 8?v ow 8?v ey òu 
by tard Сус t бср xm sri tios) Uere —* ш n 
in which we have put for abridgment 
‚8 Ww DN ы. EM eu 
S je 7 Belg 80 разр V ЖЕРЫ 07 + op 00 i 
5 OW _ La dT 2 IN ey e Randy Md 


br Bria” +85 57. тру 87 85у Х 


9' referring only to the variations of the initial coordinates and of the colour: and if we put 


(вае) (Бева) om eE)s 0 0m 
the equations (C?) give, by elimination, 
Васина) | 
wb (а е уз )(ф@ 528-297 iB èx) 
- (ae m 2223 (8 И Ы er wet is à): | 
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and hence by (А?) we can deduce already, without any farther differentiation, 
ле gs ata PEDE HaT nar, 
às lw 8? 88 8402 Sa ða? дт dady’ 
PV Ree бу Vy. dv &V до ду 8 
iet" cu i ^e) dydz ёс TRES SP ? - 
RA у LIN BY БҮ 
б №" »( да? дої ]' 022 да дад2 дт Sydz’ 


observing, in deducing the sixth of these equations (G?), that Ьу the definitions (E), and by the 
dependence of v on c, 7, x, we have 


8È (о) 20887 FRE +5 By, (нз) 
The equations (А?) (ЕЗ) (Н?) give also 
By 1 W/W оу 1 W /W 8v 
Baba! " ш? Bra" (= [=з е" "Ie FE 
V 1 W Sy SW sy 
Sady' ш” dr dy’ a soy) g w” à coy (sus т? sya): 
SV 1 W )vN 1 BW 8v 
$527 ^ w” Br8z (5-557 * 55) - ot sete (Ft -s 5a); 
V 1 SW ;8W 1 BW Bv 
By? " a Beh! (iir !i)- vi aw (“Set - ^52): 
By 10 W 1 BW Bv 
By "w^ Sry (SoBe? в) атре LEE (0) 
BY 1 W „у 1 BW (BW su 
yz ^ w” 5052 pa 2235 w” 8r8z ps (5 s gi): 
ey 9v BV bu BV 
$87 бо baba’ бт Sy da"? 
SV by V by &V 
55у = Be бтбу' * Sr 5убу 
ey до V до V 
5282’ = бо babe’ * Br byr ’ 
and 
By SW „уу Sv 1/8W оү уг v 
Sab" a? (Bry 9:57) (8285 7 5655) a” Body" 55x) (m-s 53): 
ey BW „ут v) 1/98W  v\/W 88v 
зу ы?” (Бобу ~* BaBq) (Bs Bobs) (Буу * seb) (Bor -s7a); |} GO 


PV до S) до &V 


бу 


525 бо 88 M = dy dx TE. 
We have therefore found expressions (G°) (1°) (K*), for eighteen out of the twenty-eight partial 
differential coefficients of V of the second order; and with respect to nine of the remaining ten, 


namely all except A we may obtain expressions for these by differentiating the three 


WW 


24-2 
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equations (G^), and comparing the differentials with (АЗ); for thus we find, 


ev: cm SW үр Sw SM 3 

84? 8x? боба Sada’  DBrOw Sy da"? 

a p ы. н сай, Ae PPM IME 
Sy? 7 By? ‘Baby’ Buy 85у Byby'' 

Sy _ by WV W NV 

Еа до 82’ 02 rêz Sy dz’? т 
Sy SW W sy PW V ip: 
бабу Oa by’ дода Baby’ Örös Sy Sy"? 

Oy -. И У-Ү РҮ Г К ЛУ 

ôy 87 буба бабу 50507 Sr by! Sy dz’ 

И. К. AO з, А PNEU UTE OPE 

бб) 82 807 бета Badu’ 8тӧ2 буба t 

апа 

ey ар гу Sv SW sy 

бё у д0 ду дода бабу тда bydy’ 

ey W гу sy W sy н 
БУЗУ Т. бубу Baby’ Baby brhy Bydy’ к) 
OF үү WW PIE LEM NE 

êz ôy zy Sa dz’ Sady ©тбг Sydy' 

the equations (G’) give also 

У WW ВИ GM VUE NE 

&z By бабу Sa by! Sada’ бтбу буба, 

ФУ pper Er Cun WU БЕ, (N°) 


ду 82 ду 07 bab2’ Or8y бтдг бубу, 
e т. SW DPSMN PE 


02 807 82 607 боба 8087 Br bau’ бубг, 
but these three expressions (№) agree with the corresponding expressions (13), because, by (1%), 


ey y à ey ур 220 ev a ОЛ. ev. 
8e8a! 8z8y 8т8а7 8y8y 8a by’ Sada’ + Srby буба ” 
sw sy SW sy vw PV (mW RV by 
Saby Babe’ 8т5у Бубу. — 552 buby + $тбе бубу: wv) 
oy oy ew ғу ew 9v ew e9y 


5252 dada’ * $тбе' буба беёа 8x82’ um by bz’ ` 


Finally, with respect to the twenty-eighth coefficient Ба this may be obtained by differentiating 
the third equation (B9), which gives 


i A z9v e ( д?у AA ey ( ôu ae ey 


Шы + на. UU Уу Тш ҮҮ ти Baby "Ven е b" 9 
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And if we would generalise the twenty-eight expressions (G°) (1%) (К?) (L?) (M?) (РФ), so as to 
render them independent of the particular supposition, that W has been made, by a previous 
elimination of v, a function involving only the six independent variables о, т, x, a’, y’, 2’, we may 
do so by suitably generalising fifteen out of the twenty-one coefficients of W, of the second order, 
which result from the foregoing suppositions; that is by leaving unchanged the six that are 


2 
formed by differentiating only with respect to a’, y’, 2’, but changing LT &c., to the following 


да? 
more general expressions ЕЯ ‚ &e. ; 
e? SW ,9Wó$v,9W/85v4? W èv., 
РА көт > + sebo Be Br (Se) uL 


ew ew ew до W (доуг 8 W Sv. 
| | = за ike ЫЯ (Se) + во 
e &W 8v ôW /8v SW 8%. 


[nz] Eties t вя (у) t ee 


ew BW, BW 8v BW Sv OW du du 5W vy | 
Se8r|  8cór 8тӧи Oc доди т ди? до дт ду бетёдт, 
И _ BW BW 20, BW ди OW bu du, OW бу 
боёх| бсбу xsus бтбубу v? бтбу bu доду’ 
ew). 07 &W bv êW ôv , ôW 8v бо SW òv, 
Stroy | Sry 8и дт ётбобу ди? дт ду би Srdy’ i 
BW] Pw EW by [SW SW гҮ. (9) 
дода Sosa Suda’ da’ |óorów | Srda’ дида dr’ 
ew s BW ФИ де. aT a BE LESE Л 
Sosy | бтбу бубу да’ |8rày | roy бибу or’ 
ew wW мі о [HW] SW SW дь, 
59527 |. 8eóz 5052 da’ |$тёг| örr буба ôr’ 
Ww) SW MW 
6x84 | yss’ дида dy’ 


qeu m os m. 
6x87 | 8082  ĉvôz dy’ 
obtained by differentiating the three corresponding expressions of the first order, 


кзн узи, a ew ать, [o] 20875, a 
ӧс | $e dv dca’ | Or ôr ôv Sr’ =| èx dy до by’ 
which are to be substituted in (Вз), in place of 


sw BW BW 
6c" Sr’ by 
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Deduction of the Coefficients of W from those of V.* 


Homogeneous Transformations. 


8. Reciprocally, if it be required to deduce the partial differential coefficients of W, of the 
second order, from those of V, in the case of a final variable medium, we have only to compare the 
expressions for 


, , , eV 
bu, by, 82, 80, Br’, Bu’, - F» 


as linear functions of до, дт, до, dx’, dy’, dz’, Sy, deduced from the equations (АЗ), with those that 
are obtained by differentiating the seven equations (G^) (H^), into which (B’) resolves itself: that 
is, with the developed expressions for the variations of 


oW SW W 8W 8W $W $8W 
Srt. не ee eae ee 
But if the final medium be uniform, then (B’) no longer furnishes the seven equations (G’) 
(H^), nor can д2, бу, 82, themselves, but only certain combinations of them, be deduced from (A3); 
and the auxiliary function W is no longer completely determined in form, by the mere knowledge 
of the form of the characteristic function V, with which it is connected; because, in this case, the 
seven variables on which W depends, are not independent of each other, four of them being con- 
nected by the relation (K^), by means of which relation the dependence of W on the seven may 
be changed in an infinite variety of ways, while the dependence of V on its seven variables, and 
the properties of the optical combination, remain unaltered. Accordingly this indeterminateness 
of W, as deduced from V, in the case of a final uniform medium, produces an indeterminateness, 
in the same case, in the partial differential coefficients of W; and whereas W, considered as a 
function of seven variables, has thirty-five partial differential coefficients of the first and second 
orders, we have only twenty-seven relations between these thirty-five coefficients, unless we make 
some particular supposition respecting the form of W; such as the supposition, already mentioned, 
that one of the related variables, for example v, has been removed by a previous elimination, 
which gives the eight conditions, 


в ow ey ò 


diet Ит үзү, Үт тү 


i4 ew ew ew TE " 
o. RAT АТОО eee 9 
This last supposition removes the indeterminateness of W itself, and therefore of its partial 
differential coefficients; of which, for the two first orders, eight vanish by (S?), and the remaining 
twenty-seven are determined, (when the variables and coefficients of V are known,) by the six 
equations (G^), (B°), the three left-hand equations (G9), the six first (I°), the two first (КЗ), and the 
ten (L?) (M°) (P?); in resolving which equations it is useful to observe, that by (Е?) and (ОЗ), 

4 MEIN, 624) 


w^ BAN a 


And the twenty-seven expressions thus found for the coefficients of W of the two first orders, on 
the supposition of a previous elimination of one of the seven related variables, may be generalised, 
by (Q9) and (R°), into the twenty-seven relations already mentioned as existing between the thirty- 


(T°) 


* [See Appendix, Note 16, p. 490.] 
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five coefficients on any other supposition; which supposition, if it be sufficient to determine the 
form of W, will give the eight remaining conditions analogous to the conditions (S°), that are 
necessary to determine the coefficients sought. 


If, for example, we determine W by supposing it made homogeneous of the first dimension 
with respect to c, т, v, we shall have the eight following conditions, 
SE cow o LR 4 
ML uA cbe ELA e» 


and 
SW ow sw 
ү >= АБДЫ abr "Eb 
ет FW ew 
М У ДЕ у + M 7 
ey W SW 
CEU RRT Т.Д 
зү ow у sw 
с Soba + *Sréa +’ Suda! ~ "Ды (V*) 
Bw гу у SW 
v бе dy’ А ёт бу' ра диду бу, 
у sw зу зу 
0 6050 "^ бу бо; 52 


s W m ak a wW oW 
óc ôy 7 5$т8х “$обу dx’ 


=0, 
=0, 


0, 


to be combined with the twenty-seven which are independent of the form of W, and are deduced 
by the general method already mentioned. But this supposition of homogeneity appears to 
deserve a separate investigation, on account of the symmetry of the processes and results to which 
it leads. 

Let us therefore resume the equations 


OMIT NE ORE LE ôW 80 
eure + Ve, у= + х, т x (W?) 


which were deduced in the sixth number from the homogeneous form that we now assign to W, 
and which are to be combined with the following 


SW 65V 80 
ИМИ М, 
and with the general equations of the fourth number, 
00.1 — 5. OM.) > OW, , 
2° 55, а б nox (G^) 
and let us eliminate 
| Bo, by, 82, 8a’, Br’, 8и, BS”, 
X 
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by (АЗ), from the differentials of these seven equations, (ҮҮ?) (G’) (W°), that is from the seven 
following, 


550 ya 5205р, | 
BÈR ya 2 зу Dor, 
ыр: va $2 = a, S ay, (X3) 
ви, $c. 527 Lv, 
EYE -My- 52 ЗҮ. | 
This elimination Bo) 
vio erit PE Qro E BE (entm 
BY /.8W. 2.50 
os te og rm) 
BY /.8W 50 
8y8z ( A T 5): 
® 8а =— bv +827 AE (e eve $E) ы (35+ vam) 
CES EE 
үз 
eue mp 
socie ESO n By roni 
cif 
gri 
сезери EA 
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if we put for abridgment 

атаа X 

p = ag ЗЕ + уур ЗУ + уур V + улу. dy, 

P = ур © + уруу By! + урур дё + р x, 

27 Xn M + рур ЗУ + буу M + ууу, 8X (75) 

лао уч ЗУ + rg Be + ууу, Bx 

б = Бур Be + gg Y + whe M + уу. бу, 

ГАЛА ду ey ey ey 


using ô’ as in the notation (D?); and if we observe that the partial differential equation of the 


fifth number, 


бү 58V ôy ' 
o- 0 (3z 3y 2° x) Yat 
gives 
o 30 ey ,90 ey soy 
$e ôs? ^ br даду до бшба, 
Q'30 PY үза PY 50 by 
бо блбу бт ôy? бу бубг, 
o 90 Sy 50 PV +20 ey 
бст ӧкӧг ` ӧт byóz бо 82, 
60 ур 50 Sy 20 BV (As) 


uini 72.7 "AE by da’ + $v 28a!’ 


0 60 &V 


60 &V 


60 &V 


во &V 


60 y 


= $e baby’ t$e бубу +5 28у” 


80 &V 


me $c $2527 + br ôy 52’ + $v 5252 ° 


80 50 &V 


60 ey 


60 &V 


~ By 8e Baby + Sr $убу бк 8285" 


We have introduced, in the equations (ҮЗ), the terms A® 80, ... №? 80, that we may treat 
as independent the variations 8c, ёт, 8v, dy, which are connected by the condition 60 = 0. 


HMP 
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To determine the multipliers №, ... А, we are to observe that in deducing the foregoing 
equations, the relation О = 0 between the four variables c, т, v, y, has been supposed to have 
been so expressed, by the method mentioned in the second number, that the function О when 
increased by unity becomes homogeneous of the first dimension with respect to о, т, v; in such 
a manner that we have identically, for all values of the four variables о, т, v, x, 


ELLOS LEN. S VM (B^) 
óc ÒT бу 


and therefore, 
e? 0 020, 6° О, 


7 59 TA E "f 
220, 620 6° О, 

“БЕЛ Е Em (С) 
6° 0), 6 О, BO | 0 


кэм: йилы. эн түү пш Pr 
& О, à 820, 80 0 
7 обу 707557 добу Òx ` 


Hence, and from the conditions (ҮЗ), relative to the homogeneity of the function W, it is easy 
to infer that the multipliers have the following values;* 


èV 


AO L—g; А®@=—т; A9-—y; А®=е'; А®=т'; AOLIv; МЕРЕ (рә 


attending to (G') and (W?). If we substitute these values of the multipliers, in the seven 
equations (Y?), we may decompose each of those equations into seven others, by treating the 
seven variations де, дт, до, д2, dy’, dz’, Sy, as independent; and thus obtain forty-nine equations 
of the first degree, of which however only twenty-eight are distinct, for the determination of the 
twenty-eight partial differential coefficients of the second order of W, considered as a function 
of c, т, v, а, у, Z', x, which relatively to ø, т, v, is homogeneous of the first dimension: the 
corresponding coefficients of the first order being determined by the seven equations (G') 
(її?) (W3). | 
Instead of calculating in this manner the coefficients of W of the second order, by eliminating 
between the equations into which the system (Y?) may be decomposed, it is simpler to eliminate 
between the equations (Y?) themselves, and thus to obtain expressions for the variations 
SW èW 
6 Боб" д By 
of the coefficients of the first order, from which expressions the coefficients of the second order 
will then immediately result. Eliminating, therefore, between the three first equations (Y°), in 
order to get expressions for the three variations 
| wW èW „8 


$=, ô =, 


d vs бт 


* [By putting in (Y?) 80:87: dv=0:7:v.] 
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we find, after some symmetric женем.» 


èw 80 1 


7-109" zd мт 224 5) |°( i-r) -r (è -rF 
re io. uid а v5) x) e (де- y 5T) -v(be - & 2| 
tap ( P E f (às - P) -e(r =? E 
oe =H V + жу» ( s "E 7:4 3) {2 (8-8 E )-т(@ -e 5) 
AB гт чу; (vi - | 224 fo (дь - à 3. -v (80-0 2) (Et) 
ts (CA un van UE tra 
= 87 + ayn (© я -rE E by — 9 50 е 
+ арт (sa; 55; - ER) f ( (= - yin «(m - n) ) 
= MICAT эче гү гү Ке 4 eV ev „ү. 
Бай буз м» B Bet — \5уёе/ + Bs бай ~ (8282 T 


ôn 60 80 
Lgs am (фе) + (5) + (85). 
v having the same meaning as before: 8” also referring, as before, to the variations of а”, y’, z', y, 
alone, and V" having the same meaning as in the First Supplement. In effecting this elimina- 
tion, we have attended to the forms of the functions W, О, which give 
«(955 + Vox) er(6 + ZEE „(абу e vat) ру, (4) 
we have also employed the equations (A4), which give, by (F*), 


a a, n a js) = rre (29), Sy Py vy У „5030. 
ôy? 82? (зуб; pP ba)? Saby S28a ба? 8удг ôr bu’ 
удур үү 9 (90 PSY OY PY... bbe я 
$5 tat – (385) = i «(S эл у Baby By bebo 7 “Bu Be? wn 
BV BY (Vy yng (ÈO, Pv PY туюу _ yy gS 30 
да? by? =\bardy (5 $282 8y8z 82? ёду _ da ÓT' 


Having thus obtained expressions (E*) for the three variations 
RIALA 
| V0 ^ 00, 
it only remains to substitute these expressions in the four last equations (Y*), and so to deduce, 
without any new elimination, the four other variations 
ow "SW. OW ,8W 
8 5, d" | 87, 53v 
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after which, we shall have immediately the twenty-eight coefficients of W, of the second order. 
The six coefficients, for example, of this order, which are formed by differentiating W with respect 
to c, т, v, are expressed by the six following equations, deduced from (E$): 


ey хо 1 /,8V, ,8V SV 

pr cV sat gpl ge te int 5/5): 

ew BO 1 ү,“ ‚А SV 

Ser OT gt apo” ges tO in): 

ey иа ча Жуй AF ey 

"dU -- Va tar gat ist EN 5 
LEE ERR Te e ла Bn, ve 
osr ^ Sadr YT (-» V Bay ыш бу; BH 

By 80 1 {ү э ME IM aim 

Brbv | BrBv ^ y? (-2 $y8s 09 Р ДЫЙ Р. ЧИШ Ba)? 

Sw o `9] (i JE COMES Sey i E 

Suse «Buda  WVUX беба Фе 55у p) | 


which may be shown to agree with the less simple equations of the same kind in the First 
Supplement, and may be thus summed up, 


B" (8 4 820) 2 Y Gay var +2 S. (uso оби) (ст — 780) 
E". dy dz 
2 
-- бу (080 — е ду)% +2 A (cdr — т 8т)(тбду — vbr) 


2 
+ ET (hr — rêo} --2 a (т бу — vbr) (vòs — o би), (К) 


the mark of variation 6” referring only to the variables c, т, v, as 9' referred only to a’, у’, 2’, x. 


And the whole system of the twenty-eight expressions for the twenty-eight coefficients of W, 
of the second order, may be summed up in this one formula:* 


e" (PW VEO +28 7804827) = 7 rf C A )-%(т-# $) 


+ Fp Gn Ge) o (- E + ge [е(т-® 5) 7 (Be ур 
+42 zx, I (&v- a) -v(- А (Be - A )- „(80-8 =) 
+2 57a; 0-13) 2 (80-85, he (8-8 I 7 (0-9 )] 


+2 554 (c - 855) - (8e - eX) (80-8 2) (8-8 (L4) 


in which the symbols 8?, 97, are easily understood by what precedes, and in which the seven 
variations бе, дт, Ov, da’, dy’, 22', ôx, may be treated as independent of each other. 


* [See Appendix, Note 16, p. 490.] 
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The formula (K*) has an inverse, deduced from (X?), namely 
ey (9W QA (80, 0 
(те) uuo] 


ay" = (боз + $оз 
+(же tT ва) sn 2.) 
+ (Bet? Ba) ir s ») 
+2 (ES. Y deas) (e 97 au) (sn zx ъ) 
+a (Est V Si) (5 ons) -E 3 V) 


hy (ss +E 2.) (2 y- 2 a) (Frè oy) ө) 


in which 8’” refers to æ, у, z, and in which V" may be deduced from W by the relation 


Senet (Tnt OF. 80) (PE ar eo 
2 2 2 

+ OE sr 8D reto (BE EB) 

2 


ыч the more extensive formula (L^) has an inverse also, namely,* 


matt VÈN + VENA 4-82W) 


| 
-( з + в) (5c (a 639 уз 20) _ 88 ay- ув x) 
(GR Mus 2 (8 — ae Tae) 29 (0 - ы ур Sc) 
+a tT gar) (ac (v -y SW уу) 30 (as - 9 SW yy 20) 
EW 80 
a) т КЕ уу | ДА Tem ve) 
aèr, Sate! | _ 80 ay SY ve I O 5 (8-85-08 5.) 
ween he 59 (bea SY - vs $2) = ay- iE yy 90) 
£3 (5, * V 5s.) 0 8W 80 50 SW nôn 
20 SW n Sn 80 SW 80 
вол | ale rr NS sE wT D) 
Fas * be) E np EL Eo iras de 
* [See Appendix, Note 16, p. 490.] 
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5’ retaining its recent meaning, so that, as Q does not contain 2’, y', 2’, we have, in the last 
formula, 


80 20 
a= sy 829A =~ e, 
x^ Bg X 

p 82 5o § gr 2 _ 80. 60 No | 

ôs Bey © ° бт б$тбу 0 ° бу vy X 


If we do not choose to suppose W homogeneous of the first dimension with respect to о, т, v, 
and if we put for abridgment 


(P^) 


W^ aw OW i 
os tts tus Wau, (Q*) 


and denote by 6W;, 9*W,, the expressions already found on this particular supposition, for the 
variations of W, of the two first orders, so that, for the first order, by (G^) (W2) (W3), 


8W,— 280 + yr + 280 +o! a! +r By - v òr ~ 5 èx- Vso, (R$) 


and, for the second order, #2 W, = the value of êW assigned by the formula (L5); we may 
generalise these particular values 8 W,, 89*W,, by the following relations, 


ô Wi = dW — w 20, 


e? Wi = W — 2,920, — 20000, (S4) 
dw, dw,, Ow, 
+ СЕБЕ v^ aos, 


in which ôW, ôW, are general expressions, independent of the condition of homogeneity ш, = 0, 
and of every other particular supposition respecting the form of W. It is, however, here under- 
stood that the final medium is uniform, and that in forming the variations of the function W, 
the quantities о, т, v, x, 2, y', 2’, on which it depends, are treated as if they were seven 
independent variables. 

And if we would deduce expressions, 8W,, 8&2 Wn, for the variations of W, of the two first 
orders, on the supposition that W is made, before differentiation, homogeneous of any dimension 
n, with respect to c, т, v, we may put 

eW, oW, У 


PT des da 4 
Om Te ee I nW =Wn, (T*) 


and we shall have the following relations 


dW, =W —w,80, 

атр. — 82W —w. 520 — 

ҮР, = 8W ar 280.80, (U4) 
(тео +, — n, 803, 


which include the relations (S*). The general analysis of these homogeneous transformations is 
interesting, but we cannot dwell upon it here. 
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Deductions of the Coefficients of T from those of W, and reciprocally. 


9. The general principles of investigation, respecting the connexions between the partial 
differential coefficients of the second order, of the characteristic and auxiliary functions, having 
been sufficiently explained by the remarks made at the beginning of the seventh number, and 
by the details into which we have since entered, we shall confine ourselves, in the remaining 
research of such connexions, for the new auxiliary function 7, to the case of extreme uniform 
media. And having already treated of the mutual connexions between the coefficients of the 
two functions V and W, it will be sufficient now to connect the coefficients of either of these 
two, for example, the coefficients of W, with those of T, of the first and second orders: since the 
connexions between the coefficients of all three functions will thus be sufficiently known. We 
shall also suppose that W has been made, before differentiation, homogeneous of the first 
dimension with respect to c, т, v, that our results may be the more easily combined with the 
symmetric expressions already deduced from this supposition, expressions which can be generalised 
in the manner that has been explained: and similarly we shall suppose that T'is made homo- 
geneous of the first dimension with respect to c, т, v, and also with respect to ос’, т’, v. Let us 
then seek to express the partial differential coefficients of the two first orders, of 7, by means ot 
those of W, both functions being thus symmetrically prepared. 


In this inquiry, we have, as before, the conditions of homogeneity (U?) (УЗ), relative to the 
function W, and analogous conditions relative to T, namely, for the first order, 


(V*) 


and, for the second order, 


ST T ёт т әт , әт 

0-cga то 0= ©з ЖТ” КУ бу! 
әт T гт. , er (er, er 

One she т р °з; 077 pug tT pA TY ру) 
eT ST STO әт, PT | QUT 


0=сс +  Brbv t 5 00 Set et MT 5 


ir Deri pr Т on , 9T PT ,ёТ : 
$e =" Bebo t rS У BvBo Be 77 Bebo боб” Бобу! [ WO 
apo PT | T BT T QT ит , ST 
nR R R 77 RTT bbs TY БЫЛ 
pM PM MSS US 
Jy" m elt eiit uy ert = "бо? 


eT Е. с у VI a. eT 8-0 ôT , 9T 
6x 77 baby "578  бобу, Bx" irse T Bei Du V By By’ 
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together with the conditions relative to Q, Q’, namely (B5), (O*), and the following, 
‚8О/ , OQ! vu qm RAT 
с 5 tT Tv =(’+1=1, 
‚ 20! en Т Bo 
Cg ctr grep Te gygy mo 
220, ‚90, 020, ‘ 
Аі P АКА i Аий, ir 
О; т, 020, y DII з, 0 
е ее тА = 
Pet ui, SQ’ he „ж. 680. 
7 8e dy | Sr Oy боду ӨХ, ) 
we have also the general equations 
6 W + 6 W , à W , Vv 
М э totes bhu dinis dee п у”, 


by combining which with the foregoing conditions and with the partial differential equation (A?), 


we find the following, analogous to 


0= 
TE 


О= 
8a 
бе 
80 _ 


50, 
dv 
60’ 


(A‘),* 
an SW ant SW Ba HW 
8a’ ba’? ^ бт Baldy’ буо дл òr’ 
iy BW тту 007 SW 
So” ё®бу бт By? ' би бубг, 
Ba BW 80" BW Т 
бс 0x 0g Әт Oy 0g ду ба? " 
eQ' &W 80’ &W 80, &W 

= Bo! бой” * By Baby) би 8050 [ 9 
50’ &W 4801810 ey ,90 ew 
© бе 9rbm ёт $r8y * 6v бтбг ’ 

o0 W 50, SW oo OW 

= bs бубу! 57 бу òy’ Ray Svor ' 
_ 60! &W 8V SW eu ,9 ew 
da’ dyda’ дт 55у * bu Byz 


and if we combine the conditions of homogeneity of the two functions W, T, with the funda- 
mental relation (E') between these two functions, and with the properties of О, О/, and attend 
to (G^), we find the following expressions for the partial differential coefficients of T, of the first 


order, 


* [0' may, through (G^, be considered as a function of о, т, v, 2’, у, 2, x. Since 80 —0 for arbitrary indepen- 
dent variations 62’, ду, 87, with до =дт= дь =x —0, we easily deduce the first three of (Y*. Making use of these 
equations, 50’ may be expressed in terms of де, дт, dv, ду, and this expression may be equated identically to 
AQ. We then find A=1, and the last four of (Y*) follow immediately. ] 
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èT n Е 
E" =~ +(T- y) L Eu" + И; 
èT a Ж. ИК 
NM + Aui йы А ps 
Ti EM HE rix usb. 


eT èW 80, 
KRT +(T- Ws 9 

Differentiating the expressions (Z4), and eliminating д2”, dy’, dz’, by means of the differentials 
of the general equations (G'), we obtain, by (Y*) the following system, analogous to the 
system (Y?); 


jo 827 1. 87 80^ SW /,8T .,.50^ BW ST 80 

M80 + X50! = sat (Pas Weser) + zs 059 - V5 57) + ыг (857 - P337) 
-8 s + 80" 

ow 5T 50^ W/ST 80^. W/ST 1.80! 

№80 + 4/50! = 75у ap - Wa Зо) + 573 (857 — W857) + ssp (gj - Wes) 
hy, 

, AW /.3Т 80^ BW /,5T 80^  &W,.8T 50 

80 4-80! о (855 - Was) буе Py - #® т) + zs (857 - #®у) 


= 3,57 +8 5 


мап + м0 = эу (oio — WOES) + уз (ду, Рә у>) + (B57 WER) 
-3 54 (у - TE). тг; 

x30 +м/$0' = S. (B55 - WSS) eio (85 0 — LEE 5737 (887 - "^ a) 
loc ons eh vy, 
MEE rient 

M30 + Man! = P Eo (5 yit. + icy (by LE АСЫ) 
ата тутану 

НМР ж 
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in which 8, refers only to the four variations 8c, ёт, до, Sy, and in which we may treat the seven 
variations, де, ôr, до, Sy, de’, дт’, dv’, as independent, if we assign to the fourteen multipliers 
№, ... №, the following values; 


raw 5T PW PW NW 
1 = 5) Gxt + By Baby | 50 Bulbs Bw 


i) KM ôT èW 9T COW. 8%, 
© бе 087 дт бу? 5 бубг бу, 


ST BW &Т BW STEW W. 


№ 2575050 О "Bv 501 ~~ Oe? 

м .MT PW ТЕ oP BW 80, 

| Ts Sada’ "By бойу б бое, 0e 

, T PY aT PW ӘТ EW BO (B5) 
5 › 


=S Sr da’ "Bv BrBy бу 87827 Br’ 


ieu e rd P ат e 60. 
© 60" дидк дт доду бу Óvóz Cree” 


5т W sf W STEW 80, 80, 


= 507 Syed $т бубу * 50 Syer ^ 5x бу” 
M =; № eT; Ag —v'; 
| КӨТ x O „у 6W оса PIDEN 00 Low 60, 
MU lr ae certae Mou sate Bg oe: 
the values of M, ... №, may also be thus expressed, 
ёш” Sw’ 80, 
M-- 57, м=-зу EO T6. 
8w' bw" 60, 
M=- gri m=- 5 (#- 2) 5 , 
(C5) 
dw’ bw’ 860 
м=- 7. ме (7 2) р, 
бш” 60 
Mec (7 TY 
if we put for abridgment 
;:,59W И. GOW 5 
w =a! y 1277 ЖГ (D5) 


and consider ш”, like W, as a function of c, т, v, X, %', у, 2’, which, relatively to ø, т, v, is homo- 
geneous of the first dimension. The four last equations (A5) give, by addition, after multiplying 
them respectively by бе, 57, ди, dy, 
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&eT-(T- W) 80 + WÈ + (У – Т) 202 
+ (8T —8,w') 80 + (8, W — W80) 80’ +82177 


7-0) - wie) 


80° с! 
L (8,55 - 97) (550 - ws 0. 
8, still referring only to the variations of о, т, v, x; and the three first equations (A5) give, by 
elimination, 
527 Wa SO = 52 (,W - W80) 25, 80 
taps (> wy sy wy) fy (5 3 - à) - v (5 y ar’) 
raal spar вт) 0 (Фу 9)" (057—8), 


oT 80, 20, oT 


ar LV VR yo (3E -)-v S35 oy 
д 


(Е?) 


1 
+ узуу” ( Saag” Fat 


д2 
(Е) 
E ү (v E —-v ЖУЗУ) fu (3, x - às") = а! (8, XU - 2) 
+ €— (7 Tx -v Dy) fo (5 iw èr’) = т! (8, a — 22) H 
527 wa 50 20 ew- 20) + 22,80 
+ Am (r EU Ma ) |” (8, 25-87") — а! (8, 5 à) 
+ arp» C soie ayer) |” (ay) - (og 9) 
in which \ 
"= yt (orig) + By Be (уы) +Ълыз (уш), (О 
апа 
m= (se) +r) (80) (m 
26-2 
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v' having the same meaning as in the second number. In effecting the last elimination, we have 


attended to the relations (Y*), which give 
уу ү "у 60^? ) 
By? 8937 (877) = g (5; 2E 
SW OW (PW AD TRO 
a Зая” (дебе) = m (o): 
&W ew ew > ТЭ 
Sx? бу? - (озу) еге ($5): A 
ey ew ёр ew yy 20, 80, 
Sa! бу 82’ òa 807 y bz — ът iy 
OW Бу на ү”? 50’ 80! 
Sy’ 82 ёа 85у бу? 82 ба $v Ba’? 
ey ew &W Pw ya 50’ 60" 
92 bax’ бу 507 8278 Sa’ by’ — бс бт) 


And combining (Е5) (F9), we obtain the following formula for T, analogous to the formula (Т^), 
which completes the solution of our present problem, because it is equivalent to twenty-eight 


expressions for the twenty-eight part 
from the coefficients of W ; 


0=v W" {ET +(W-T) 220 – WEY – 


6° Г 6W 


ial differential coefficients of T, of the second order, deduced 


28, W. 80! —82W + 2 (a' 80" у т + 27 bu’) 80} 


+» p (8v -a Gr) -v (èr - EA 7) 
ys iv (99-5 a)-e (v à mw) 
nd n CD w)-( (878,5 dis ze 
AES rr (ett atr) 
+9 ууу fv (Be -& y)- -o (8v -& Ке) t СЕ 97)" (е'—, =} 
+2 ууу fe" (т —5,5, ")- т (8s —8 wy fr (bv —, т) и C wt (Ks) 


And if we denote by 227; ; the value 


of the second differential 67’ assigned by the formula (K5), 


and determined on the supposition that T has been made, before differentiation, homogeneous of 
the first dimension with respect to c, т, v, and also with respect to c", т’, v', and denote by д7, 1 
the corresponding value of ôT, determined by the coefficients (Z5), we may generalise these values 
by means of the following relations, analogous to (S5); 


674i 
Тул = 


—-6T—60.V,T—6Q'.V, T; 
eT—0.VT-—6800'.V,T-—260.8V,T —2860'.6V, T 


(L^) 


+ 80?2.7; (Vi -1) T 260.60'. VV, T -- 602, V,' (Vi +1)T: 
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V5, Уу, being here characteristics of operation, defined by the following symbolic equations, 


ò ò 8 
Жү ees к- #9 ж— — 1, 


, NK ЖЕ „чё 
LE EA OE Ego 1, 


(M5) 


More generally, if we denote by 7, „ the function deduced from 7 by the homogeneous 
preparation mentioned in the sixth number, which coincides with 7 when the variables 
c, T, v, с', 7', v', x, are connected by the relations О = 0, О’ = 0, and which is, for arbitrary values 
of those variables, homogeneous of the dimension n with respect to о, т, v, and of the dimension 
n’ with respect to о’, 7’, v’, we have the following expressions, analogous to (U*), 

6T,,,26T—650.V,T—68Q'.V' T; 
ST, w = YT — 80.0, T — EN V'a T — 260... 8V, T — 280’ 8У',„Т (№ 
+ 802.7, (V, +1) THO. EN. VaV’ wT + 60^, У, (Vin +1) T: 
defining the characteristics Ул, V’w, as follows, 
AP UA PAR Ж E OTT А: з, JUR Q By T 5 
Yanec tts tus т; View е trea tv eye: (05) 

Reciprocally to deduce the coefficients of W, of the second order, from those of T, on the 
same suppositions of homogeneity, and with the same dimensions n= 1, n’=1, we are to 
eliminate Sc’, ôr’, 8v', between the differentials of (G^) and (Z5), and we find the following 
system, 


| +5,27 08,20 +80! – SW; 

ма (5557 - Y gorge) pur + (er л) ay + ori вови) az 
+390 wa, Po, ay — 2 aw; 

vaa» (o -w E) о Wavsz)* ay + (gn gy) oper 


+300 — 93,52 + êr — уу OW; 


" eT Т90\, eW &7 T 60\,8W eT 87 60\,.d8W 

«ne (э? ~ $e" D ba’ T (357 ёт jc) ; y * (деб ~ bu" Зе) 1 бг' 
87 „Т 60 80 | 

8 ж +ê, к +(W-T)8 x CVT); (P5) 


Т. -ST AA W 


вп (5 - ir Be) iu * (rir By’ r) y * riv io Br) n 


6W „7 60 20 І 
xU x; +(W-T)8— t$ (ôW —6,7); 
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206 
пе DP S ET ALS, eT eT804..6W eT TQ W 
м” = (у, LEAL =ar av) tay + LO 57 
DL E e+ (W—2)8 se P @-—,Т); 
en MT 207° 8T60X.6W eT eo ETEA W 
0 (So. - 5755 бю у Sa" (Sako Esos LET 
eT 0° Т 80\ .dW 
+ (zs, - V sz 5; Bu By) [73 
EIL +(W- r)a + 5 OW- 8, T)— wa, p. -e 80У; 
8, still referring only to the variations of c, т, v, у, and the values of the multipliers being, 
We ae "eun 1 OW 00. 
M= d; м'= Тұс; 
а , „ _ OW 60, 
Кы Биг inii (99) 
v xix ir OW 60 
À — 3 № par ж] Tx 
„ OW 80 
"TEM S 


Hence may be deduced, by reasonings analogous to those already employed, the following 
formula for ôW, which is equivalent to twenty-eight separate expressions for the partial 
differential coefficients of W, of the second order, considered as deduced from the coefficients of 


T, on the XR suppositions of homogeneity : 


BW — 527+ (T-—W) 220 --We0' + 28 W (6,0' — 80) + 25,W .60] 


0 = yew ТІ { 
y 
em 020, ЕТ OD X Lr) 
+ (son Р aou) D (ру gg) DD 
er OH. eT. OEE AN zs 
(sz gy) Р" +2 (то W рува) 2" 
er 020, may em Y Y ry. 
(бя MW ду’ 53) 2 +2 (gogo gil бе ёт / DD; (R^) 
in which we have put for abridgment, 
20, eT 60^ 60 y oT 20, 
D = 57 c + #$0 BST бузу, )- Б (By +y 080 + 8,5 z- буул), 
/ 20 ГА , [1 
D = gy (фе 50.3 5 Waan) - 38. (v до +331 _ 9,52), | (85 
" ? eT 60^ 20 я 
y= 2 (ду +уб0 +8, —,— Wes) – p С Tc ”$0 +$, 3L - Wa o, i). 
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and in which W’” can be deduced from T, by the relation 


General Remarks and Cautions, with respect to the foregoing deductions. Case of 
a Single Uniform Medium. Connexions between the Coefficients of the Functions 
v, О, v, for any Single Medium. 


10. We are then able, by combining the formule of the three preceding numbers, to deduce 
the partial differential coefficients of the two first orders, of any one of the three functions 
V, W, Т, from those of either of the other two, when the extreme media are uniform and known: 
since we have expressed the coefficients of V by those of W, and the coefficients of W by those 
of Т, and reciprocally, for this case of uniform media, And if the extreme media be not uniform, 
but variable, that is, if they be atmospheres, ordinary or extraordinary, we can still connect the 
partial differential coefficients of the three functions, by the general method mentioned at the 
beginning of the seventh number: which method extends to orders higher than the second, 
without much additional difficulty of elimination, but with results of greater complexity, and of 
less interesting application. 

This general method consists, as has been said, in differentiating and comparing the equations 
into which the general expressions (A’) (B’) (C’) for the variations of the three functions resolve 

` themselves: and in making this preliminary resolution of the general expressions (A) (B') (C^), it 
is necessary to attend with care to the relations between the variables a, v, v, a^, 1', v', x, or between 
c, T, v, а”, y, 2’, x, when any such relations exist. The investigations into which we have entered 
in the three last numbers, for the case of extreme uniform media, suppose that the variables are 
connected only by the relations © — 0, Q' = 0, which arise from and express the optical properties 
of these media; and other but analogous processes must be deduced. from the general method, when 
any additional relations Q” = 0, Q” =0,... between the variables of the question, arise from the 
particular nature of a combination which we wish to study. In the very simple case, for instance, 
of a single uniform medium, we have the three relations 


c'—-g, T —T, V =v, (05) 


which аге to be combined with the relation Q = 0; and with this combination of relations, the 
general expression (C’) for the variation of 7 will no longer admit of being resolved in the same 
way as when more of the quantities on which 7 depends could vary independently of each other. 


| In the case last mentioned, of a single uniform medium, the characteristic function V involves 
the coordinates z, y, 2, 2^, у', 2’, only by involving their differences æ — 2, y — у, z — 2, and is, 
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with respect to these differences, homogeneous of the first dimension, being determined by an 
equation of the form 


ср у-у 2—2 : 

0 = Y ( V ЖЕ , V > x) , (V ) 
which results from the equation (N) for the medium function v, by first suppressing in that 
equation the coordinates on account of the supposed uniformity, and then making 


2—0: uy o cy 3-2 x 
СИИ ae ae e 


a 
v 


The relation (V5) may also be deduced from the relation О = 0, by eliminating the ratios of 
с, T, v, between the three following equations, 


2-2 80 у-у 90 2-2 90 (X5) 
Filo җе SW. 4 Ara P 


We have also, in this case of a single uniform medium, 
V—ec(z—a')4 (y = у) +0(2-2), (Y*) 
and therefore, by (D^) (E) (05), 
W- сг +ry + v2’, } " 
Т==0: © 


the last of which results may be verified by observing that the general expression for the 
auxiliary function T may be put under the form 
Toa type на Rp y 5542 ар y, (А9 

so that 7 vanishes when V is homogeneous of the first dimension with respect to the six 
extreme coordinates. The formule of the last number, for the partial differential coefficients 
of T, all fail in this case of а single uniform medium, for the reason already assigned; but we 
may consider all these coefficients of T as vanishing, like T itself: we may however give any 
other values to these coefficients which when combined with the relations between the variables 
will make the variations of T vanish. The coefficients of W may be obtained by differentiating 
the expression (Z5), which is of the homogeneous form that we have already found it convenient 


to adopt; they are, for the first two orders, included in the two following formule, 
в Ын е рыр pres eo e А 
ò = 28e да + 28тбу' + 28002, (В) 


and they vanish for orders higher than the second. And the coefficients of V, of the two first 
orders, may be deduced from those of W by the formule of the eighth number, which are not 
vitiated by the existence of the relations (U*), because those relations do not affect the variables 
that enter into the composition of V and W. The variation of V, of the first order, is 


BV — c (Su — 8a’) +7 (By — 857) 0 (Be — 82") — Y By: (C8) 
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and that of the second order is given by the following equation, deduced from (O*), (N^), (B°), 


"BED B QD Ron rimum 
ôo? $72 \ Sadr dr? ду? бтбу 6v? ðo? \дидс c? + т? + 1% 


-29 po (82-27 - V8" 5239 aji M - y, 20 ja 
тео) (es vri 
+55 | 05у - y -rë Jm se (8e à v SO 
ара $c (8s - 87 ve 2) | 50 (8 Ba! LE 
- 55 (89-87 - va^?) |- 20 (5, -& - 7050) 
- 5, (82-87 - Vi) - 5 (80 — Ba! Và s) 
СЧ OEN 5) ol a) на е 
-p (80—80 - v8 т )) (i, (v - Y) 


in which the symbol 8’ has the same meaning as before, so that as a’, y’, 2’, do not enter into the 
composition of the function О, 8’ refers here to the variation of colour only. This equation (D^) 
may be put under the following simpler form, 


Ls (EV + Và20 + 28V 2'0) 
= (8-80 - vr 50) 
*ga(iv-y – 782) 
+ a(be— -8r -v8 E) 
+ (иы v 52) (у-у – V8 F) 
+2 i 25, (Sy ày -vë $2) (8s - 87 - V8 S) 
2g (8-07 - vor (Bo bu’ - V8 $2), (E^ 


HMP 27 
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if we attend to the equations already established, in the second number, 
а 60 .B 80. у. 80 18v 60 


oT BE) el de! cu на бү 
EE в 
insit EE T BS Бу! 
and to the relations which result from these, by differentiation and elimination. For thus we 
obtain 
60 BO „до. BO де , &*O bu 


ría 6g? "at 557581 Sau Sy’ 


58 60 70 wv 00 до | 020, „до 


A a $T "E gu $75 à in* $тбо ôy’ (Ее) 
y gr 8D 80 „д0, NO, Bv čO, òv 
55 79 Sv ^ Babu ba ! Brbu 58 б By’ 


Lain) adn. эз „э PO uie, PD ue 
v dy Sy. доду ба ётёу 8 боёду бү, 

in which v is considered as a homogeneous function of the first dimension of а, £, y, involving 
also the colour y; and in which, although the three variations д0, 58, ду, are connected by the 
relation ada + 88 + y&y —0, yet we may treat these variations as independent; because, if we 
introduced indeterminate multipliers of адс + 888 + уду, in (Е), to allow for the relation, we 
should find that these multipliers vanish, on account of the conditions of homogeneity of v. And 
if we put for abridgment 


2, 080 820, ) $20, 220, z ( 820, y 020 220, d ( 020, \2 
и} 7" Be К (525. ta EE бт ду ду? да? $$) ; 


the equations (Е) give the following formula for ó*v, that is, for the second variation of v, taken 
as if a, ми гу, X, were four independent variables, 
80 ‚0\2 
Са) 


(v+ vQ + 28980) = A AS (28 —v 2.490 uM in 
+ A ls (y -— Л S-S C i$! e) 
+ FS AS (be - 0952) - 52 (86 - v2 Er 


crie ori) recen TE 


оо а-и) Ош ы r0). Юре. ri 


(G^) 


ANTA 


o Sibu 


va B ca Boat) и-и) oat] o 


which justifies the passage from (D°) to (E9), and expresses the law of dependence of the partial 
differential coefficients of the second order of the function v on those of Q, for the case of a 
uniform medium. 
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If the medium be not uniform, and if we would still express the law of this dependence, we 
have only to change ô’, in the four equations (F9), to a new characteristic 8, referring to the 
variations of а, y, 2, y, and to combine the four thus altered with the three following, 


1 8v 60 90 Av O80.8v 00 до 
-8(; 55) "^as рор a t Bele 5B t Boia Ey 

1 8v 6Q SQ du, BO dv N Ov D 
-e 5)- on Sy = Body Ba t Srdy B + Busy Sy’ q 


1 до 0 FO .8v , BO ә , &0 „6ф 
-8 (5 a) ~ ras = Bosz a 858: 058 t Bubs By 
in which д, is the same new characteristic, and which are deduced from the equations already 
established for variable media, 
18080 — 15 BO — 1b 30 
одл ба, обу dy’ одг б 
and we are conducted to a formula for &?v, which no otherwise differs from (Н) than by having 
ò, instead of 8’ throughout. 
And if, reciprocally, we would express the law of dependence of the coefficients of Q of the 
second order, on those of v, we may do so by the following general formula, 


v" y? (0820 + 8,20 + 28,080) = Ms fu (èr Ж, a ) ad (èv Ле мү! 


+a (0- 9)" alan’ e) 
+951 CD se) 


+ pog (o (v - 9, 2) -» (8-8, 5°) Beals b tis 
+2 р (8а — 6, )- a(òr – 8 б 53) |” (èr - НИК " E): (K^) 


in which 8, refers still to the variations 2, y, 2, y, and in which v" kas the same meaning as in 
the First Supplement, namely 


‚ _ 8% 8% ү ôw д?р ё% Sy AP 5% 92 ү 8% v i 
disi 717. (кв) + Spy - (85) + 5 bat (зуд) us 
this quantity v" is also connected with the w” of (G°) (H°), by the relation 
А v о" SITES, (M*) 


The formula (K5) is equivalent to twenty-eight separate expressions for the partial differential 
coefficients of О, of the second order, which extend to variable as well as to uniform media: the 
formula gives, for example, the six following general expressions, which enable us to introduce 
the coefficients of the function v, of the second order, instead of those of Q, if it be thought 


27-1 


www.rcin.org.pl 


212 IV. THIRD SUPPLEMENT 
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desirable so to do, in many of the general equations of the present memoir, as the expressions 
contained in (Н) would enable us to introduce © instead of v, in many of those of the First 


Supplement: 
ёо 1 л. (аё òw | лгу TM i 
бо® ^ BAT ТУ $88! 
80 1/,89»,, d 0 Y 
TE: Rat ga era Ps); 
a w „8% 8% ү. 
BAT ve (tga? БИТЕ 5): 
Nod 8% 8% 8% 8% 
Sor Мете "ЖЮ У ^ 20027 CLAN J 
20 1 82 КЫ 8% 20ү. 
8r8v syal? ааа ba s я) 
80 1 Га а АГА. sn, 
8v8e vv буа `°" Böy баб 88" 


(N) 


To make more complete this theory of the coefficients of the function О, which determines the 
nature of the final uniform or variable medium by the manner of its dependence on the seven 
variables c, т, v, c, y, 2, x, and is supposed to have been so prepared that Q + 1 is homogeneous of 
the first dimension relatively to c, т, v, let us investigate the connexion of these coefficients of О 
with those of the simpler though less symmetric function v, considered as depending on the six 
other variables о, т, 2, y, 2, y, by the relation О = 0. For this purpose we are to combine the 
differentials of that relation with the conditions of homogeneity (B*) (C*), and with the following 


other conditions of the same kind, which are only useful in variable media, 
020, ш 20 020 60 
УЫ ЫМ ТУРШЕ УЧ 
so эп, PO 20 
доду t br dy ” боду by? 
Po Po PO _ 30 
Soz 8782 боб; dz" 
In this manner we find, for the first order, 


бу du бу бу бу 
80 = (дь— $8 - = r- -$ às -$y- ss 7px): 
that is $ { : 
Q р ЮО LV 7 ОЕ" 
anid PPM оа СИЕ. ива 
во 39 80^ ТЫ! ва оз ae 
0 7^ (9, MU. EE Л WE уу Жу 


(0°) 


(Q5) 


à being a multiplier introduced for the purpose of treating the variations of о, т, v, 2, Y, 2, X, 
as independent; and to determine the value of this multiplier we have, by the condition 


of homogeneity (B*), 
до „8° 
X (v DEUM 5.) = 041-1: 
6c 8 
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the coefficients of Q of the first order are therefore known, and we have for example, 


Again, for the second order, 


in which, by (C*) (O°) (Q9), the multipliers X;, ... 


à, like v, being here treated as a, function of c, T, @, y, z, x: and if we put, as usual, 


0 = 82220 mr Sr 2 008 pnr ру. at B vann 


and similarly 


ey = = 808 5 +ётё- + 88 rz te 
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5205.33 +u (80-59 о - &e.) ; 
52028, Vg + ds (80—09 50-а); 
SO.» +s (8v - 8s — &e.) ; 
5202.3 Vg (00-5 bo — be.) 
$e =—3. TC 3. 80 — &«); 
550 ——8.% E (bv - = Bo — &е.); 
Bp =—8.%ре (00-8580 — &); 
№;, have the following values, 
м=х (е ы trp). NES і 


м (om dni v ee 


б ò бт? 
(eds 
а tijak 
ees j)^R- "i 
м (5 etre) MEE pi -»2 


м (+). sem nS 
62. 60 


бу бу бу ду 
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(8°) 


(T°) 


(U*) 


(У) 


(W*) 
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we find 
220 = — A8?v 
+ 28. (8v — Be ag — br - su Be — 5 By - 52 82 — е By) 
2 9?v Su з 9v du 
pica a" ууй” Ве одн 
л (о 553 з + 20т ary tT ;) (èv $c дс — ke.) (X9) 
in which 
бу до du бу до бу 
ч M (oS 52 т к=— 7 = 5582—8100), (Y9) 


and which is equivalent to twenty-eight expressions for the partial differential coefficients of О 
of the second order: it gives, for example, 


NH M 
po ©'$з t207 бууу + т дуз OM 
5 {ө СС со бо by Y т 

"ES “sy ud 


And since the forms of the connected functions О, v, v, of which each expresses the optical 
properties of the final medium, may be deduced, by the method of the second number, from the 
form of the characteristic function V, it is evident that their partial differential coefficients also, 
of all orders, are not only related to each other, but may be deduced from the coefficients of that 
one characteristic function. 


General Formula for Reflection or Refraction, Ordinary or Extraordinary. Changes 
of V, W, T. The Difference AV is 20; AW=AT= a Homogeneous Function 
of the First Dimension of the Differences Ao, Ат, Av, depending on the Shape 
and Position of the Reflecting or Refracting Surface. Theorem of Maxima 
and Minima, for the Elimination of the Incident Variables. Combinations of 
Reflectors or Refractors. Compound and Component Combinations. 


11. Let us now endeavour to improve our theory of the characteristic and related functions, 
by applying the methods of the present memoir to improve the determination given in the First 
Supplement, of the sudden changes produced in these functions and in their coefficients, by 
reflexion or refraction, ordinary or extraordinary. 

The general formula of such changes, which easily results from the nature of the characteristic 


function V, is 
0=AV= V2- i; (А?) 
Vi, V5, being the two successive forms of the function V, before and after the reflexion or 
refraction ; and the final coordinates 2, y, 2, in these forms, being connected by the equation 

0 — u (a, y, 2) (В?) 
of the reflecting or refracting surface. The formula (А?) may be differentiated any number of 
times with reference to the final and initial coordinates and the colour, attending to the 
relation (B’); and such differentiation, combined with the properties of the final uniform or 
variable media, conducts to the general laws of reflexion and refraction, and to all the conditions 
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necessary for determining the changes of the coefficients of V, and therefore also of the 
connected coefficients of W and T, as well as to the laws of change of the functions V, W, T, 
themselves. 
Thus, for the first order, we have the general formula 
86V; d ôV =A V = лди, (C?) 
which, on account of the multiplier A, and the definitions (E), resolves itself into the seven 
following, 


деа А Aba 1+, Anse xS: 
Sa бу $ 
(D?) 
èv 


Ас'=0; Ат=0; Av =0; А-—=0: 


by 


the symbol A referring, as in (A7), to the finite changes produced at the surface (B7), so that 
Ac, Ar, Av, denote the differences съ — 01, тә — тү, vs — vı, between the new and the old values 
of c, 7, v, that is, of the partial differential coefficients of the first order, of the characteristic 
function V, taken with respect to the final coordinates. The three first of the equations (0?) 
contain the general laws of the sudden reflexion or refraction of a straight or curved ray, ordinary 
or extraordinary ; because, when combined with the equation of the form (F), 

0 - Оо, (сз, T2, Ug, €, Y, 2, X) (E?) 
which expresses the nature of the final medium, they suffice, in general, when that final medium 
is known, to determine, or at least to restrict to a finite variety, the new values тз, тз, vz, of the 
quantities с, т, v, on which the direction of the reflected or refracted ray depends, if we know 
the old values с;, 7, vı, which depend on the direction of the incident ray and on the properties 
of the medium containing it, and if we know also x, 2, y, 2, and the ratios of E A E that is, 
the colour, the point of incidence, and the normal to the reflecting or refracting surface at 
that point. A remarkable case of indeterminateness, however, or rather two such cases, will 
appear, when we come to treat, in a future number, of external and internal conical refraction. 

With respect to the new form V2 of the characteristic function V, it is to be determined by 
the two following conditions; first, by the condition of satisfying, at the surface (В?), the 
equation in finite differences (A7), that is, by the condition of becoming equal to the value of 
the old form V;, when the final coordinates æ, у, 2, are connected by the relation w — 0; and 
secondly by the condition of satisfying, when the final coordinates are considered as arbitrary, 
the partial differential equation of the form (C), 

554 о, (50, 57 ôV, aes a, y, 2, x): (F?) 
if the final medium be variable, or the aie partial differential equation of the form (V’), 
if that final medium be uniform. And as it has been already shown that the partial differential 
equations relative to the characteristic function V may be transformed, and in the case of 
uniform media integrated, by the help of the auxiliary functions W, T, it is useful to consider - 
here the changes of those auxiliary functions, which are also otherwise interesting. 

It easily follows from the definitions of W, 7, that the increments of these two functions, 
acquired in reflexion or refraction, are equal to each other, and may be thus expressed, 

AW = AT = gâs + yAr+zdu. (G7) 
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And because the differences Ac, Ar, Av, are, by the general equations of reflexion or refraction (D"), 
proportional to “3 А A E , we may consider these differences as equal to the projections, on 
the rectangular axes of the coordinates 2, y, 2, of a straight line = /(Ac?-- Az? + Av’), 
perpendicular to the reflecting or refracting surface at the point of incidence, and making with 
the axes of coordinates angles of which the cosines may be called ng, ny, nz; in such a manner 
that we shall have 

Ac = nz (Ac? + Ат? + Av?) ; 

Ar =ù (Ac? + Ат? + Av?); (н?) 

Av = п, (Ao? + Ат? + Дъ?) ; 

AW = АТ = (zn; + yny + гт„) (Ac? + Ar? + Av’). 


Now the quantity ал, + уп, + zn, is equal, abstracting from sign, to the perpendicular let fall 
from the origin of coordinates on the plane which touches the reflecting or refracting surface 
at the point of incidence ; it is therefore constant if that surface be plane, and in general it may 
be considered as a function of the ratios of Ac, Ат, Av, because when those ratios are given we 
know the direction of the normal, and therefore, if the surface be curved and given, we know the 
point of incidence, or at least can in general restrict that point to a finite number of positions: 
we have therefore in general 
AW =AT= f (^c, Дт, Av), (Г) 
the function f being homogeneous of the first dimension, and depending for its form on the 
shape and position of the reflecting or refracting surface, from the equation (В?) of which surface 
it is to be deduced, by eliminating г, у, 2, №, between the equations (В?) (О?) and the three first 
of those marked (D’). We have also 
yox ny Bae AA ed GER OA Oe 
o P Cope a T a 
bg. дЕ dz, bz 
ИЙ ИЛ ТҮР [E 280) 
the form therefore of the homogeneous function f may easily be deduced from the equation of 
the surface (B’), by so preparing that equation as to express 2 —– 2 a T as a function $ of 


2 
ГА 
щй, -ў , which function ф reduces itself to a constant when the surface is plane:* and we 


(К?) 


H 


* [In one of Hamilton's note-books (28, p. 1 (back)) we find the following simple illustration :] 
Applications of 3rd Supplement : 
Parabolic Reflector of Revolution. 


8 8 
z=} (2+4), 5=(р=) а, i-(g9)5 
ba by 


EN AT suoi LM uu cun 3 (02) -3 аа 
Av Av ^ "My У by aen дл go UNS C 


Therefore 
Ac? 4- Ar? 
hn C Ws 
For a single parabolic reflector or refractor of revolution, ordinary or extraordinary, 7'— AT'; therefore 
Ao*+Ar? — (т—о')?+(т-т/)? 
9Av o 2 (v— v) 


AW=AT=-— 
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have a simple expression for the variation of the homogeneous function f, namely 
8f = «Дс + у8Ат + 284v, (L7) 
which, when the reflecting or refracting surface is curved, resolves itself into the following 
remarkable expressions for the coordinates of the point of incidence, 
8 8 8 

2-05" I~ Bae! 7 Bao’ ог) 
so that these coordinates, which, for a curved surface, we knew before to be functions of the 
ratios Ac, Ar, Av, are now seen to be, for such a surface, the partial differential coefficients of 
the homogeneous function f. When the surface (B7) is plane, the differences Ac, Ar, Av, are nc 
longer independent, since their ratios are then given; and although the expression (L’) for 8f 
still holds, it no longer resolves itself into the three equations (M). 

Having thus studied some of the chief properties of the common increment f, which the 
functions W, T, receive, in the act of reflexion or refraction, we are prepared to investigate the 
new forms Уз, T, of these functions W, T, considered as depending on the new quantities 
сз, Tz, Va, instead of the old оі, ту, vj. For this purpose we have first the equations 

W= W, +f (e—a, Ta "T3, 0. vı), | 
Т» = Т + f (os — 01, Тз — 71; Us — v1), 

by which W;, 72, at the reflecting or refracting surface, are expressed as explicit functions of 
сі, тү, V1, 03, Ta, V ; the expression of W involving also a’, y’, z', y, and the expression of 7, in- 
volving с’, 7’, и, x: and to eliminate from these expressions the incident quantities тү, T1, vi, 
we have, if the surface be curved, the following equations, in which the symbol 8,,, ,,, ,, refers 
to the variations of those incident quantities, 

85, n, s, f = — 290, — уёту— 29v, = — бе, T4, V1 * Wiz „бнын * ity 
and *.:* беле Wa =0; 20,0. 0; 
we are therefore to disengage the incident quantities from the expressions for We, 72, by 
making each of those expressions a maximum or minimum with respect to those quantities, 
attending to the relation 0; = 0, between them; the phrase maaimum or minimum being 
employed with the usual latitude. For the case of a plane surface this method of elimination 
fails, the form of f becoming indeterminate, on account of the constant ratios which then exist, 
by (К?) ог (D?), between До, Дт, Av; but these very ratios, combined with the relation О; = 0, 
between the quantities сі, 71, vı, enable us in this case to eliminate those quantities from 
з, Ta. And when we have thus determined the new forms W;, Т», of the functions W, Т, for 
the points of the reflecting or refracting surface, we may extend these forms to the other 
points of the final medium, if that medium be uniform, because then the final rays are straight, 
and for any one such ray the quantities оз, тг, vs, Ws, 72, are constant; but if the final medium 
be variable, then the final rays are curved, and the general forms of Уз, Т», for arbitrary points 
of the medium, are to be determined by combinations of partial differential equations and 
equations in finite differences, analogous to the combinations of such equations for Vz, and easily 
deduced from the principles already laid down. 

It is easy to extend the foregoing remarks to any combination of reflexions or refractions, 
and to show, for example, that in the case of any combination of uniform media, producing any 
system of polygon rays, ordinary or extraordinary, the auxiliary function 7' is equal to the 
following expression, 


(№) 


(О?) 


T => f (Ac, Ат, Av), (Р?) 


* [See footnote to p. 370.] 
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that is, to the sum of all the homogeneous functions f of the differences of the quantities c, т, v, 
obtained by considering the successive reflecting or refracting surfaces: from which expression 
the intermediate quantities of the form c, т, v, are to be eliminated by making the expression a 
maximum or minimum with respect to those intermediate quantities, attending to the relations 
between them which result from the properties of the media, and using, for plane surfaces, the 
other method of elimination, founded on the ratios of Ac, Ar, Av. And when the function 7' is 
known, we can deduce from it, by the methods of the fourth number, the other auxiliary 
function W, and the characteristic function V. 

In general for all optical combinations, whether with uniform or with variable media, we 
have, by the definitions of the functions V, W, Т, and by the results of former numbers, the 
following expressions,* 


y- vas; T= -['(» бе type +52) ds; 
b (Q’) 
= ас ут +20 «f ope ty gr rg.) de: 


ds being, as before, the element of the curved or polygon ray; and hence it follows that if we 
consider any total combination, of m + п — 1 media, whether uniform or variable, as resulting 
from two partial combinations, of m and of » media respectively, combined so that the last 
medium of the one partial combination (m) is the first of the other partial combination (n), and 
so that the final rays of the one partial combination are the initial rays of the other, then the 
functions V, Т, (but not in general W,) for the total combination, are the sums of the corresponding 
funetions for the partial combinations: it follows also from the general expressions for the 
variations of these functions, that the intermediate variables, belonging to the last medium of 
the first partial combination, or to the first medium of the second, are to be eliminated from the 
sum, by the condition of making that sum a maximum or minimum with respect to them. 
Analogous remarks apply to compound combinations, composed of more than two component 
combinations. These properties of the functions V, T, for total or resultant combinations, will 
be found useful in the theory of double and triple object-glasses, and other compound optical 
instruments.] 


Changes of the Coefficients of the Second. Order, of V, W, T, produced by 
Reflexion or Refraction. 


12. With respect to the changes produced by reflexion or refraction in the coefficients of the 
second order, of the characteristic function V, and therefore also of the connected functions W, 7’, 
they may be deduced from the following formula, analogous to (C’), 

ФДУ = & . Au = №?и + 28% ди; (R?) 
u, à, having the same meanings as in (B?) (С?); and the multiplier X, which was introduced also 
in the First Supplement, and was there regarded as a function of the final coordinates a, у, 2, 
being now considered as involving also the initial coordinates a’, y’, 2’, and the chromatic 
index y. The seven variations ôs, ду, 82, da’, dy’, 52’, ôx, may be treated as independent in (R’), 


* [To the expressions for 7 and W there must be added the sum of the sudden increments in 7’ across the 
reflecting or refracting surfaces. ] 
t [The above arguments form the basis on which No. xxt is developed. See Appendix, Note 17, р. 492.] 
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if we assign a proper value to ô), as a linear function of these seven variations; so that we may 


deduce from (В?) the seven following equations, 
eV du or ди 
eV дш or 8u 


Aò 


ыа "inland "hu меу} "hae 

NEART 5 иар, (S) 
ABT, = ÈN bu; AB, = рди; ABS, =o ди; 

АЗ = 5 bu: 


of which each may again be decomposed into seven others. But of the forty-nine expressions 
thus obtained for the changes of the twenty-eight coefficients of V of the second order, only 
twenty-eight expressions are distinct; and these involve seven multipliers as yet unknown, 
namely, the seven partial differential coefficients of X: however we can determine these seven 
multipliers, and the twenty-eight coefficients of V; of the second order, by introducing the seven 
additional equations obtained by differentiating the partial differential equation (F7?) with 


respect to 2, у, 2, &', у, 2, X. 
The differential of the equation (ЕЁ?) is 


ENa SVa Na eVa , ENa SVa 80,, , Naa | Nan, 80, , * 
and this, when combined with the three first equations (S7), conducts to the following formula, 
Na SVI Nen eVa , Naa eVI, 0, 80, 80, 20, 
бео Mi а a tee ty ie By by 
80, . ёи Naau 80, „ди 
Mort р byt by 52) 


804 8X , 80, 9X , 605 8X 
+ bu. (E уу E) 


DICE EE EE TE (U?) 
which resolves itself into seven separate equations, sufficient to determine the seven multipliers 
$х a Sra 8x. 5X SA Ò 
hs By oU AS OM 
Three of these seven equations into which (U7) resolves itself, give, by a proper combination, 


a value for the trinomial 
80,5. | 80,5. , 80, ÔN 
ba, ёл тз у Su, 82’ 


www.rcin.org.pl 


220 IV. THIRD SUPPLEMENT „12 


which enables us to eliminate that trinomial from (0°) and so to deduce a value for 6\, which 
being combined with (R7) gives, 


GEen ANG oad 


да? да? 


а (Pr өйи ege) | 


зо, 80, | 30430, , 80, 804 
до да ÓTa бу бо» бг 


_ > (Babu , BOs Bu озм) 
боз 0m Ot, ду ди Oz 


i ( 6Ё, +48) + sa бїз ү =) + 80 1036 3 
боз 


m lg ыйы o fa > oo Rand es 52 
‚20, 


ua 


52 зу + е + 2205 


Б 7 т, бу * LM x) 


a formula that is equivalent to twenty-eight separate expressions for the twenty-eight co- 
efficients of V2, of the second order. This formula supposes the rays to be reflected or refracted 
into a variable medium; but it can be adapted to the simpler supposition of reflexion or 
00, 20, 20, ish 
к=) , dy , 6° vanish. 
Whether the last medium be variable or uniform, the formula (V?) gives,* 

6?y,—60?]pi; (W7) 


8’ referring, as in former numbers of this Supplement, to the variations of a’, y’, 2', y, alone, that 
is, to the variations of the initial coordinates and of the colour; and the final coordinates 
2, y, 2, being those of any point on the reflecting or refracting surface. Thus the ten differential 
coefficients, of the second order, of the characteristic function V, like the four of the first order, 
taken with respect to the initial coordinates and the colour, undergo no sudden change by 
reflexion or refraction; but the differential coefficients of both orders, which involve the final 
coordinates, take suddenly new values which we have shown how to determine: and from these 
new coefficients of V, we can deduce those of W and 7, by the methods of the foregoing numbers. 
The coefficients thus found, of W, and 75, remain unchanged through the whole extent of the 
last reflected or refracted portion of the ray, when this last portion is straight, the final medium 
being uniform ; but the coefficients of V2, of the second order, change gradually in passing from 
one point to another, even of this straight portion, according to laws deducible from their con- 
nexion, already explained, with the constant coefficients of W3. 


refraction into an uniform medium, by merely making the quantities 


* [This follows since w is independent of 2, у, 2, x; but (W7) is obvious from (А?).] 
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The coefficients of Wa and 7, of the second and higher orders may also be calculated, whether 
the last medium be uniform or variable, by differentiating the expressions (№), and eliminating 
the variations of с, 71, v1, by the help of the conditions already mentioned, of maximum ог 
minimum. 


Another method of caleulating the changes produced in the partial differential coefficients of V 
of the second order, by reflexion or refraction, ordinary or extraordinary, into a medium uniform or 
variable, is to develope the second differential of the general formula (А?), considering AV as а 
function of the seven variables z, у, 2, 2', y’, 2’, x, and considering v, у, г, as themselves functions 
of two independent variables; for example, considering 2 as a function of æ, y, of which the form 
is determined by the equation of the reflecting or refracting surface. In this manner we obtain, 
besides the formula (W7), which is equivalent to ten equations, the eleven following ; 


BAV . SAV 82 SAV /d2\2 SAVS \ 
= +255 + За (5) Se Sat? 

SAV ДУ: SAV /dz\? | SAV Se. 
Oe ЖАДЫ т “Т >ы т.т (55) te. 5: 


gAV , PAV д: SAV Sz АУ д: 82, SAV Po 
= Baby + Sade By ^ Sys da 82" Smsy ^ бв Smsy’ 
SAV ӘДИ д: Q PAV HAV Be, 


Om Soba! * 7727220 ЛАЛ TTE (X?) 
"e SAV | SAV 22. o= BAV | SAV dz | 
ba dy’ tá 52 by’ ба? бу Бу * 828y/ бу? 
Ez Д E SAV 82. dis 82^ rs SAV bz. 
Sade’ t 5252 ба? = 550 + 5282’ By? 
o2 AV AV. БЕ ДУ SAV bz | 


555 * Szdy 5a’ ~~ dydx * 525 dy’ 


` which may be put under the form 


ey ôV дг &V (bz ôV 92 
о=А{ 5 +2 773 бот EPI (8). + кар (Y?) 
&с.; 
and are deduced by differentiation from the analogous equations of the first order 
èv +o èz. ôV ôvVôz 
0=A (3 + Sy 56): 0=A(5 + * 3 55). (Z) 


And the eleven equations thus deduced, when combined with the ten given by (W?), and with 
the seven into which (Т?) resolves itself, suffice, in general, to determine the twenty-eight. 
coefficients of У, of the second order. 
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Changes produced by Transformation of Coordinates. Nearly all the foregoing 
Results may be extended to Oblique Coordinates. The Fundamental Formula 
may be presented so as to extend even to Polar or to any other marks of position, 
and new Auxiliary Functions may then be found, analogous to, and including, 
the Functions W, Т: together with New and General Differential and Integral 
Equations for Curved and Polygon Rays, Ordinary or Extraordinary. 


13. In all the foregoing investigations, it has been supposed that the final and initial co- 
ordinates, 2, y, 2, а', y’, 2’, were referred to one common set of rectangular axes, But since it may 
be often convenient to change the mode of marking the final and initial positions, let us now 
express the old rectangular coordinates as linear functions of new and more general coordinates 
Es Y,, Z,, and а, y,, 2,, which may or may not be rectangular, and may or may not be referred 
to one common set of final or initial axes. For this purpose we may employ the following formule, 

L= Lo + Vo 0, + Vy Y, + Lz,2,5 
У = yo + Ja, % + Yy, Yı + o5 
2 = Zo + Zz €, + 2ZyY, + 222,5 С 
a’ t ду ++@' ууа, + a yy, + е. 
y — yo HY ai, t Y vii t Vut 
2’ = 29 as Fon + ё угу, T£2,2,; 
in which each of the eighteen coefficients of the form z, is the cosine of the angle between the 
directions of the two corresponding semiaxes, so that these coefficients are connected by the six 
following relations, on account of the rectangularity of the old coordinates, 
it," 4+ je? + 2.5 =] : 2 2? 4- UP + г. =] : 
Vy yy) Hy =l; ау? +уу? +2? 1; (B®) 
0,2 К yz? T 2,2 = 1; а? " y^ T 2s? =1. 
Let us also establish, according to the analogy of our former notation, the following definitions 
similar to (P), 


_ da, _ dy, _ dz, 
VU D LI iari) 
8 
ИТ sa de м 
Jm ds! ° ! ds’? fy, ds ’ 


and the following, similar to (E), 
09.) Ж ЫШ.) азобат ў 
ый. ш TTE! dial 77. 
: eV ; eV ; eV 


a Wa ЛЕУ edge. DU Ue кт, 
ба, бу, 62, 


(D) 
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we shall then have 
a= 0,2. + B, 2y, Toy, 
B = 0,7, + В,Уу, + ss 
Yy = Q, 2x, + Ê, 2y, + Y, 22,3 


"But ы, ie Prod (E°) 
« = Eat R, 2 у, + Y @ 2/3 
PROC LAT bid NT E 
B' =a Yat R yy t vy s 
fuo yx) A" ME ҖИ 
Y= 21 + В, 21у, +, г: 
апа 
с, = GO, + ту, + ду, e, bos ea v E TV ui + v2, ; 
7 , "or , ' P 
T,—GXy Tyy--Uzy; T, =T X yr b Ty yr t vZys (F°) 


v,—G4; + ту, H 4) V = 0а, ту + гь. 
And if, by substituting in the former homogeneous medium-functions, v, v’, the expressions (E*) 
for a, В, y, a’, В’, у, we obtain v under а new form, as a homogeneous function of «a, 8,, Y,, of 
the first dimension, and v' as a homogeneous function of the same dimension of a’, 8,’, y,’, and 
then differentiate these new forms of v, v’, with reference to their new variables, we find, by (E9), 
the following relations between the new and the old coefficients, 


к-к керы | 
СҮ Boe 

к-не 

bv’ v 99 
Sa ~ bal "t + ap Yat Bye 

v e v , ду 


88; = bal "tag vt By tur 
б ди "m. Te д 
&)C 5a’ аў; +$@ Уу + My Zu 
from which relations, combined with (D*) (F9), and with the equations (B) (E), of the second 
number, we obtain the following generalisations of the equations (B), 
ôy E 8V v, 85V àv. 
ba, бу, 7 88, L7 бу, 
6V v A LOSS. AME LAPSI, И 
7887—6005 ~ By) ~ бу ~ By! 
апа therefore the following important omnee of the fundamental formula (A), 
bv a), ua bv 
déhi On ~ а + gg, 9h - a V By + "ко 59080, (I9) 
which is thus shown to extend to oblique ашин and not even to require that the initial 
should coincide with the final axes. 


(H°) 
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We may adapt nearly all the foregoing reasonings and results, of the present Supplement, to 
this more general view. We have, for example, partial differential equations of the first order in 
V, analogous to the equations (C), and of the form 


бү oV 68V 
0= 0, (sc Sy,’ bart Yis 2, х), 


Af: AV BR CEN EM A, 
020, (т y" > з б w^ a^ x). 


(K*) 


which conduct to a partial differential equation of the second order, analogous to (D): and if we 
put the equations (K9) under the form 
0= 0, (с,, Tr» У, Zis Yrs Bs | (L5) 
0 — 0, (ej, T, wy, v, i". v, x) 
and suppose them so prepared, by the method indicated in the second number, that the function 
Q, + 1 shall be homogeneous of the first dimension with respect to o,, т,, v, and that Q/ 1 
shall be homogeneous of the same dimension with respect to o,’, т,, о, we shall have 


a. 80, (8 BOF ou B0) 


* De). ui bp S wo Bud 

(M53) 
a! 80; / 50; у 80, 
ба," оу ON) "ww Bene 


with many other relations, analogous to those of the second number. The differential equations 
of a curved ray, ordinary or extraordinary, in the third number, may be generalised as follows, 


dà w db b diy. T 
dséa, 8a,’ dsóB, Sy,’ Язу, 82,’ 
and their integrals may be extended to oblique coordinates, under the form, 


OV. { AUC : i " 
Kum m 8y/ = const.; pee | (09) 


while, if the final portion of the ray be straight, we have also, for that final portion, 
x = const. ; i = const. ; di — const. (P9) 
! Li ! 
The formula (A?) of reflexion or refraction, ordinary or extraordinary, namely, 


AV —0, 


extends to oblique co-ordinates; and if we introduce new auxiliary functions W,, T,, analogous 
to W, T, and defined by the new equations 


W,=—-V+a,e,+y,7,+2,,, | (Q5 


ГА if , , , 
1, =W,-2, a, —9,T, —2,V,, 
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analogous to the definitions (D^) (E’), and attend to the meanings and properties of the symbols 
с, т, U,, ту, T, , v, , We Shall obtain the following expressions for the variations of V, W,, 7,, 


BV eoe, о dcr By, ce By, Ba e ГУА P4 бу; 
, , А , + ГА в 
8W,—2,8c, + o, да, + у,8т, + т, Oy, + 2,8u, + v д2, — x ду ; (R5) 
, , , , ГА , èV 
87, =a,80,—a,'80; + 4,87, — у, т, + 2,00, – ‚ду, — 5 ду; 
which resemble the expressions (A’) (B’) (O^), and lead to analogous results. Thus, the partial 
differential coefficients of the new auxiliary functions W,, 7,, may be deduced, by methods 


similar to those already employed, from the new coefficients of the characteristic function V, 
which may themselves be deduced from the old coefficients of that funetion, by the following 


yey ay Q3 ey ey wr 
= (e. et edt) 


A 
д2, 
5 
BV (=, B А i ау 
[C 


бу, 22] 
ô 


(8%) 
(а, у, Bp T Yv Sy s E ET 
U д д Р, У А-а АД} 
(а, 5 + Yz, pna) vg Yn у * By) "E 
and the equations of a straight final ray may be put under the forms, 
1 В, 1 SWAN :1 ôW, 
a (5 Bet) (и) A Ga в). av 


ne-a) в (и m) r Be) 


while those of a straight initial ray may be put under these other forms, 


ôT, 1 670, 1 òT, ‘ 

а "d +) Br i M » +5 (09 
these new equations (Т8) (17%) being analogous to (I?) and (P?). It is evident that the arbitrary 
constants introduced by these transformations of coordinates must often assist to simplify the 
solution of optical problems. In the comparison, for example, of a given polygon ray, ordinary or 
extraordinary, of any given system, with other near rays of the same system, it will often be 
found convenient to choose the final portion of the given polygon ray for the axis of z,, and the 
initial portion for the axis of z/, а choice which will make о, 8,, а/, /, and many of the new 
partial differential coefficients vanish, without producing, by this simplification, any real loss of 

generality. 

We may even carry these transformations farther, and introduce polar coordinates, or any 


other marks of initial and final position, and still obtain results having much analogy to the 


HMP 29 
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foregoing. For if we suppose that the final coordinates 2, y, 2 are functions of any three quanti- 
ties p, 0, ф, and that in like manner the initial coordinates a’, y’, z' are functions of any other 
three quantities р’, 0’, ¢’, so that 


ho = 5° p + 55 80 + 52 Bd, da = 04р + 550 + de 

y = 8 + 54 80+ 54 54, е se dp +946 + у as, 

Be = 5 5p +55 80+ 55 3 ф, de = 5 de + 5540+ 55 d$, A 
hj = psy + 597 00 gs sd PR e t o dp egg dé + 5 egg dd 

by = = 8р + 80" + 4 бу; deris -2 dp + 5% de! + К 

be! = 5, TA + rg de! = pode + 55 di + eap d 


we may consider V as a function of p, 0, ф, р, 0’, ф', х, obtained by substituting for 2, у, 2, 
x’, у, Z', their values; and if we substitute also the values of da, dy, dz, in the differential dV, 
or vds, which was before a homogeneous function of the first dimension of dz, dy, dz, such that 
by our fundamental formula * 

дау  0.vds dv oV 

dda 8d» ба ба, 

Фау  8.vds ðv òV 


c желш. Эй ana ЖОШ э WS 
Sat ugs "rus A decli: 


we may consider this differential d V = vds as becoming now a homogeneous function of dp, 40, dọ, 
of the first dimension, such that 


5.048 „dV _8V da, èV à» pV èz BV 
dp dp x 8p By 0p 328p Sp’ 
6.vds dV 8V æ 8V8y SV д2 SV 


pe: agb C RINT ec RO 8 
$40 ~ 500 ~ Su 80" Sy 88 z B0 80’ inf. 


96.vds dV  8Vóàz |8Vóy У дг 98V 
d$  ddb da dp ^ 8y8$ 5254 8d’ 
the symbol d referring still to motion along a ray. In like manner we may consider the initial 
differential element of V, namely v'ds', as а homogeneous function of the first dimension of 
dp’, d6', d$, and then we shall find that the partial differential coefficients of the first order of 
this function, are equal respectively to 
eV òV eV. 
007 d d 


* [The symbol 214 means the partial derivative of the form dV with respect to da.] 
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we may therefore generalise the fundamental formula (A) as follows 
8.vds 8.vds 8.vds 


ФУ = ue. бр + d 60 ur 773 òp 
6.vd& , , бИ AFTER LETTA 8 
And the auxiliary funetions W, Т, correspond to the following more general functions, 
6V | б V, Е ,9V 44 


V 4 ov, 
TEE +056 + 95s: and Saa, TÉ gg TP ap te 7, +6 sg ^? Sp’ 


of which the first may be regarded as a function of 


AR Y th aer, , 
Sp’ 80’ ёф’ P @', ф, Xo 


and the second as a function of 
УИ Е aK eV eV 86V 


ёр’ 50 ° Sg’ We [ T 58’ 69" х. 
It is easy also to establish the following general differential equations of a curved ray, ordinary 
or extraordinary, and the following general integrals analogous to and including those already 
assigned for rectangular and oblique coordinates, 


4247 ау 840 8470 ,6dV 84У 


Sip Bo А и Жы Rage MN 


SV 57 у, 
Bp = const.; бу = сопві.; 59 = const. 


General geometrical Relations of infinitely near Rays. Classification of twenty- 
four independent Coefficients, which enter into the algebraical Expressions of 
these general Relations. Division of the general Discussion into four principal 
Problems. | 


14. It is an important general problem of mathematical optics, included in that fundamental 
problem which was stated in the second number, to investigate the general relations of infinitely 
near rays, or paths of light; and especially to examine how the extreme directions change, for any 
infinitely small changes of the extreme points, and of the colour: that is, in the notation of this 
Supplement, to examine the general dependence of the variations д0, 58, dy, da’, 8”, dry’, on 
8a, dy, 82, da’, dy’, 87, 8y. This important case of our fundamental problem is easily resolved 
by the application of our general methods, and by the partia! differential coefficients, of the two 
first orders, of the characteristic, and related functions: it may also be resolved by the partial 
differentials of the three first orders, of the characteristic function V alone. For from these we 
can in general deduce six linear expressions for 80, 8/9, ôy, 5a’, 8/9, dy’, in terms of д2, dy, 22, 
2’, бу, 52’, dy, involving forty-two coefficients, of which however only twenty-four are 
independent, because they are connected by fourteen relations included in the formula 
ada + 888 + уёу — 0, а ёа + 8' 88' + үу =0, and by four more included in the conditions 

29-2 
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that the final direction does not change when the initial point takes any new position on the 
given luminous path, nor the initial direction when the final point is removed to any new point 
on that given path. 

Thus, if we employ the characteristic function V, and the final and initial medium-functions 


v, v', we have, by (B), the following general relations : 


LAN LO зу = BIB. oe os PR. 
ба ba’ og 2 ду A? 
58И 587. anm. 587. И 597 ii 
ba? = ар; sp) 880—857: 


in which, by the last number, we are at liberty to assign different origins and different and oblique 
directions to the axes of the final and initial coordinates, if we assign new and corresponding values 
to the marks of final and initial direction, о, 8, у, a’, 8’, у’, so as to have still the equations (P), 


da: dz , da’ y E 
piam" Ng p=, 1 ds' Nr da 8 = M P ced Dra 


ds being still the final, and ds' the initial element of the curved or polygon path. We may 
suppose, for example, that both sets of coordinates are rectangular, but that the origins of the 
final and initial coordinates are respectively the final and initial points of a given ordinary or 
extraordinary path, and that the positive semiaxes of z, 2’, coincide with the final and initial 


directions, so as to give 
id "е, ety а =0, y =1, dy =0; (B5 
a=0, y 20, 720, с = 


and then the six equations (A9), of which only four are distinct, reduce themselves to the four 
following, 


6% ey ey SV dy \ 
бо? 52 20 + 5058 es m дада wd. EXT òy Hi 5 E X 
у 8% ey. ow дәр Oy 
ше E "UT et dip бу (5 - оз) 88: 
д2у ey Py ew 
Sag t e 58 = уур be эшк: Т7, бу Sy’ joy менка) 


+(# ©. say) bot Gs su (у — ib, ADT 


dady 8688 òy? 680у ду 6886г (0°) 
TEES BY | BY By ды 
= 5a” Б P Kabat S pag ГҮ (srs; вт) 


(ELLE PE A 


547° ' 80 8a" да? (и T 8a! By Sa’ 8082 
y, ey Py дм 
RETI es - 5128 = 9 yt wy уН ari "ex SR was) èx 


ByYO ду, (BY, Bv Sty! 
tia? күзү, yi + (Sat sg) (e - 88 82’ saa) 9°` ) 
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they give therefore, by easy eliminations, expressions for da, 88, da’, 88', of the form 


да да да да да да 
ба = == ӧл t5 by 3702 + у-у ba! +57 oy’ M 8% 


88, 58, 88, 58,, 88,, 58 
28 = 5 а Нн 


a 687 да’ ba’ ba’ s 
да = 5 да + A iy + gy 2 + 00+ у бу tg 


(D^) 


òp’ Б, 88 . 58. 88 
ag = E e y +55 82’ и ч ба + Зу 9 + $у Ox 


which involve twenty-four coefficients, and enable us to determine the general geometrical 
relations between the final and initial tangents to the near luminous paths. 


If the extreme media be ordinary, that is, if the functions v, v', be independent of the 
directions of the rays, we have 


>= p A (à + B+), v = ш (а? + B+ vy), (E^) 


р, ш being functions of the colour y, of which ш involves also the final coordinates, and p’ the 
initial coordinates, when the extreme media are atmospheres: and then the equations (C?) 
reduce themselves at once to the following expressions of the form (D°), 


Su. , BV eV eV 
m = (5 be + E + д8 be бобр P + ууу V um 
By. BV. ба, OV èy èy 
88 = = (sm yt ГА бу gr be + ууш В tyy by + ggg 8X): ш 
ET èy MEEA V. ey èy 
„а - Gin +537 sig V 732 aeg 780+ gos Y gr is 0), 


ey ey ёш ду ey e 
8g = – (ж $у 5j 9 + ga uu + суу 5а + эу. Oy rs TE 
In general we see that the twenty-four coefficients of the expressions (D?) can easily be deduced, 
by (C9), from the partial differentials of the two first orders of the characteristic function V, and 
of the extreme medium-functions v, v': we have for example 


$a 1 w/V ү 1 8% 

бв 0" n sg Tes mos le v" 7 ssa (is - ist) 

а 1 w/V ү 1 2% 

E o S9 5; - 5) reale- 555 : 
68 1 w/V w\ 1 Sy 8% (95 
s v) Sat (Baby ~ 555)" Peela - - 55): 

68 18280 ү 1 w /V 8% 

By 7 v" ba Бу ~ Baby) ` v" абр (Bay bady)” 


v” having the same meaning as in the tenth number. The same twenty-four coefficients of (D?) 
may also be deduced (as we have said) from the partial differentials of the two first orders of the 
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other related and auxiliary functions: or even from the partial differentials of the three first 
orders of the characteristic function V alone. Let us therefore suppose that these twenty-four 
coefficients of the expressions (D9) are known, and let us consider their geometrical meanings 
and uses: that is, their connexions with questions respecting the infinitely small variations of 
the extreme directions or tangents of a luminous path, arising from variations of the extreme 
points and of the colour. 

In diseussing these connexions, it is evidently permitted, by the linear form of the differential 
expressions (D°), to consider separately and successively the influence of the seven variations 
ба, dy, 2, da’, dy’, Sz’, ду, of the extreme coordinates and the colour, or the influence of any 
groupes of these seven variations, on the four variations бе, 58, da’, 8/8', of the extreme small 
cosines of direction. Thus, if it be required to compare the extreme directions of а given path 
of ordinary or extraordinary light of the colour x, from a given initial point А to a given final 
point В, which path we shall denote as follows, 

(A, В), (H°) 
with the extreme directions of an infinitely near path of infinitely near colour у + ôy from an 
infinitely near initial point A’ to an infinitely near final point B’, which near path we shall in 
like manner denote thus 

(4^, В), (1) 
we may до so by comparing separately the extreme directions of the given path (А, B), with 
those of the three following other infinitely near paths; 

Ast. (4,18). 2d" (A, Bes) 8d. Q4, Б), : (K3) 
which are obtained by changing, successively and separately, the colour y, the final point B, and 
the initial point 4. We are therefore led, by this consideration, to examine separately and suc- 
cessively the meanings and uses of the three following groupes, out of the twenty-four coefficients 
"ү д BB. dm 6 

a , В' \ 

Ist groupe By? By’ By? By? 


da ёа 88 88 58 8a Sa B8 $88. (Т^) 


2d groupe LINE AL o Ko Жол 9 
0e бу” Os Ор By! бЕ Oe 3:89 78и ON Oy? 
ӧс да: 68g 580 bd 50: Au ^ bg^ 008 "5g 
3d groupe A BU Bal’ by à By? BÓ X: By^ РД 
But we may simplify and improve the plan of our investigation, by means of the following 
considerations. 

Of the three comparisons, of the given path (Н?) with the three near paths (K?), the third is 
evidently of the same kind with the second, and need not be treated as distinct; because, of the 
two extreme points of a luminous path, it is indifferent which we consider as initial and which 
as final. We may therefore omit the third comparison (К°), and confine ourselves to the first and 
second, that is, we may omit the consideration of the third groupe (Т5), in forming a theory of 
the general relations of infinitely near rays. For a similar reason we may omit the consideration 
of the two last coefficients of the first groupe (L9), and so may reduce the study of the whole 
twenty-four to the study of half that number. 

On the other hand, the second comparison (K?) may conveniently be decomposed into two: for 
instead of the arbitrary infinitesimal line BB’, connecting the given final point B with the near 
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point В’, we may conveniently consider the two projections of this line, on the final element or 
tangent of the given luminous path, and on the plane perpendicular to this element: that is, we 
may put 

BB” = ВВ + BBs, (M5) 
BB, being the projection on the element, and BB; the projection on the perpendicular plane, 
and we may consider separately the two near points Ba, Bs, upon this element and plane, and 
the two corresponding paths, 

(4, Bay, (A, Bs); (№) 
instead of considering the more general near point В’, and ће near path (A, B’),. In this manner 
we are led to consider separately, as one subordinate class or set, suggested by the path (A, B4),, 


the system of the two coefficients E. 2». distinguishing these from the eight other coefficients 


of the second groupe (L°), which correspond to the other near path (A, В)„; and these eight 
may again be conveniently divided into two distinct classes, according as we consider the changes 
of final or of initial direction. 

We are then led to arrange the twelve retained coefficients of the expressions (D°), in four 
new sets or classes, suggesting four separate problems: 


i да 28, а 8, 
First set E NM! Second, ER Ж, 
Third, Eon ee Cae Fourth, а ёа 88 88 


da’ dy’ 8a’ by’ Sa’ Sy’ Se’ by’ 
In each of these four problems, the initial, point is considered as given, and may be supposed to 
be a luminous origin, common to all the infinitely near paths of which we compare the extreme 
directions. In the first problem, the final point also is given, but the colour x is variable; and 
we study the final chromatic dispersion of the different near paths of heterogeneous light, con- 
necting the given final point with the given luminous origin: whereas, in the three remaining 
problems, the light is considered as homogeneous, but the luminous path varies by the variation 
of its final point. In the second problem, the new final point Вц is on the original path, or on 
that path prolonged; and we examine whether and in what manner the final direction varies, on 
account of the final curvature of that original path. In the third problem, the new final point 
B; is on an infinitely small line 
ôl = BBs, (Р?) 


which is drawn from the given final point of the original path, perpendicular to the given final 
element of that path, namely to the element 
ds = ВВа; ($) 

and we inquire into the mutual arrangement and relations of the final system of right lines 
which coincide with and mark the final directions of the near luminous paths, at the several near 
points B; where they meet the given final plane perpendicular to the given element ds. In the. 
fourth problem, we consider the initial system of right lines, which mark, at the luminous origin, 
the initial directions of the same near paths of homogeneous light; and we compare these initial 
directions with the positions of the points B;. Let us now consider separately these four principal 
problems, respecting the geometrical relations of infinitely near rays. 
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Discussion of the Four Problems. Elements of Arrangement of near Luminous 
Paths. Axis and Constant of Chromatic Dispersion. Axis of Curvature of 
Ray. Guiding Paraboloid, and Constant of Deviation. Guiding Planes, and 
Conjugate Guiding Axes. 

15. The first of these four problems, namely that in which it is required to determine the 
final chromatic dispersion, by means of the two coefficients P a is very easily resolved: since 
we have the following equations for the magnitude and plane of this dispersion, 


Т МТ, ZARA 
Final angle of chromatic dispersion = £y; Ё = Ji (5. ) + (35) : 


by (R?) 


Final plane of dispersion..................... y Бу =@—. 


We may geometrically construct the effect of this dispersion, by making the given final line of 
direction of the original luminous path revolve through the small angle £8y, in which £ may be 
called the constant of final chromatic dispersion, round the following line which may be called 
the axis of final chromatic dispersion, 


os pens 9 
hh a gs 0. (S?) 


The second problem, which relates to the final curvature of the given luminous path, is 
resolved by the analogous equations, 


7502 ШШ? ҮЧ 
Final curvature of ray = af (=) + (35) ; 


Plane of curvature. ........ Уу =®„) 


(Т°) 


we have also the following equations for the axis of curvature, that is, for the axis of the circle 
of curvature, or of the final osculating circle to the р1 геп luminous path, 


28 МОҢ | o 
220 ab Is iml. 2=0: (U9 
and in all these equations of curvature we may, consistently with the notation of the present 
Supplement, express the coefficients i: ; 18 by the symbols ан c4 because they relate to 
motion along a given luminous path. It is evident that these coefficients vanish, when the final 
portion of this path is straight. But when this final portion is curved, we may geometrically 
construct the effect of the curvature on the final direction, by making the final element ds 
revolve through an infinitely small angle round the final axis of curvature. 


The two remaining problems are more complicated, because each involves two independent 
variations д2, dy, namely the two rectangular coordinates of the near point В; on the final plane 
of zy, which point is considered as the final point of a near luminous path. The equations of the 
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right line, which is the final portion or final tangent of this near path, are 


sehe (5 a бу), 


да ду 
(V?) 
BB. 8 
у=8у+: (52223 5 бу); 


and the equations of the right line, which is the initial portion ог the initial tangent of the same 


near path, are 
б =r (8 b+ б ) 
ба бу У) 
у = 2 (28 0 4 25) 
Our third problem is to investigate the geometrical relations of the system of right lines (V°), 
which we shall call final ray-lines, with each other, and with the coordinates да, dy; and our 
fourth problem is to investigate the connexion of the same coordinates or variations with the 
right lines of the system (W?), which may be called initial ray-lines. 

The third problem may be considered as resolved, if we can assign any surface to which the 
final ray-lines (У?) are normals, or with which they are determinately connected by any other 
known geometrical relation, Let us therefore examine whether the ray-lines of the system (V?) 
are normals to any common surface, which passes through the given final point of the original 
luminous path. If so, this surface may be considered, in our present order of approximation, as 
perpendieular to the final rays themselves. Now, in general, when rays of a given colour diverge 
from a given luminous point, and undergo any number of ordinary or extraordinary and gradual 
or sudden reflexions or refractions, they are, or are not, perpendicular in their final state to a 
common surface, according as the following differential equation 

@ба + 88у +‹у8г =0 (X?) 
is or is not integrable; and if there be any one surface perpendicular to all the final rays, there 


is also a series of such surfaces, represented by the integral of this equation, Hence, in the 
present question, the normal surface sought is such, if it exist at all, as to satisfy the conditions 


8z = 0, and 


(W°) 


8*2 + dade + 888у=0; (19: 
that is, if it exist, it must touch the given final plane of zy, and must have contact of the second 
order with the following paraboloid, which may therefore in our present order of approximation 
be employed instead of it, 

да да 8 58 
e+ р at + (уе + Ba zy gr =O. (29) 
The normals to this paraboloid, near its summit, that is, near the final point of the given 
luminous path, or the origin of the final coordinates, have for their approximate equations, 


в=$в+(ф= $в+ ә by) + andy, 

(A) 
8 $ 

у= by es (225+ 3 ЗУ] – nde, 


НМР 30 
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if we put for abridgment 


su (£ ü s.) (Вз) 
they coincide therefore with the ray-lines (V°) when the following condition is satisfied, 
68 6 
T Уу? nd 


which is in fact the condition of integrability of the differential equation (X9), because we have 
made а, 8 vanish by our choice of the axis of 2. The condition (C!9) is satisfied, by (F°), when 
the final medium is ordinary; and in fact the final rays whether straight or curved are then 
perpendicular to the series of surfaces represented by the equation 

V = const. : (D) 
which is, for ordinary rays, the integral of the equation (X°), and gives, as an approximate 
equation of the normal surface at the origin, the following, 


0=5V4+48V, ог 0= pet S ра зулу: ; (Ез) 


agreeing, by (F9), with the equation of the paraboloid (2°). In general, the condition (C!9) for 
the existence of a normal surface, may be put, by (G9), under the form 


ad ou) ov (К+ es) 
p 


ба? \8=8у 8880) бабӨ\баї баба 
_ 6% ey 6° Sty /$#Ё $2 

Жы Бык ШЕЛ. i p 
"6g ^ ASTA POT nx ns 555]: (p 


and it is not satisfied by extraordinary rays, except in particular cases. We may however always 
consider the paraboloid (Z?) as an auxiliary surface, with which the final ray-lines of the 
proposed system (V?) are connected by а remarkable and simple relation. For if we take the 
rectangular planes of curvature of this paraboloid for the coordinate planes of 22, yz, and 
denote the two curvatures corresponding by r, t, so as to have the following form for the equation 
of the paraboloid 


г = фта? + ity, | (©) 
we shall satisfy the condition 
да , 98 10 
бу Tbe: 0, (Н) 
and may employ the following expressions for the four coefficients of our problem, 
On ba _ 68 _ Aa. . 
к=з) E s ыо» Ecl (P5 


the ray-lines of our system (V9?) may therefore be thus represented 


а == da — z (тда + n8y), 
(К) 
y = by — z (18у — nòs), 
while the normals to the paraboloid are represented by these equations 
а= 00-2700, y= у – 200; (1) 
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from which it follows that the angle 8v between a ray-line (К!) and the corresponding normal 
(L) may be thus expressed 
8v —n8l, in which 8/2 Vda? + бу, (M10) 


ôl being the same small line BB; as before; and that the plane of this angle ôv, or in other 
words, the plane containing the ray-line and the normal, has for equation 


202 + y dy = 81% — z (тда? + (8?) : (№) 

this plane therefore contains also the right line having for equations 
= èl? 10 
ete +000, 2 а + bby” (O ) 


that is, the axis of the osculating circle of curvature of the normal or diametral section of the 
paraboloid, of which the line ôl is an element; and the normal may be brought to coincide with 
the ray-line by being made to revolve round the element 8l, through an angle 8v proportional to òl, 
and equal to that element multiplied by the constant n: the direction of the rotation depending on 
the sign of the constant. On account of this simple law of deviation of the final ray-lines from 
the normals of the paraboloid, we shall call this paraboloid the guiding surface: and the constant 
n, we shall call the constant of deviation. And we may consider this theory, of the guiding 
paraboloid and the constant of deviation, as containing an adequate solution of our third general 
problem, in the discussion of the geometrical relations of infinitely near rays: since this theory 
shows adequately the general arrangement of the final system of ray-lines (V9), and the geo- 
metrical meanings of the third set of coefficients (O*), namely, 


ва bu 88 28 

ba’ dy’ oa’ бу 
The geometrical construction suggested by this theory may be still farther simplified by 
observing that the infinitely near normals to the guiding surface all pass through two rectangular 
lines, namely, the axes of the two principal circles of curvature of the surface; it is therefore 


sufficient to draw through any proposed point B; two planes containing respectively these two 
given axes of curvature, and then to make the line of intersection of these two planes revolve 


round the proposed small line 8/ or BB;, through the same small angle nôl as before, in order to 
obtain the sought final ray-line for the proposed final point.* 


Finally, to compare, as required in the fourth problem, the initial system of ray-lines (W°) 
with the corresponding final points Bs on the given final plane, we may denote these initial ray- 
lines by the equations 


2 — 260 .cos. ', у —2'80' .sin. ф', (P9) 
if we put 
да = 80'. соз. ф, В = 86’. sin. ф': (Q”) 
and if in like manner we put 
da = 81. cos. ф, dy = 81. віп. ф, (Ко) 


. * [This piece of work depends simply on (V°), in which the partial derivatives may be regarded as any con- 
stant coefficients. The investigation therefore deals with a general rectilinear congruence.] 
30-2 
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we shall have the following relations, between Фф, $', ôl, 60’, and the fourth set of partial 
differential coefficients (O°), 


. cos. ф = (= in. $) а, 
(S) 
Sin. ф' = (55 in. ф) èl. 
These relations give 
ud T. tan. $ j 
tan. ф' = — ; (Т?) 
Жет + Sy tan. ф 


they enable us therefore to determine, for any given value of ф, that is, for any proposed direction 
of the small final line 8l, or BBs, the corresponding value of ¢’, that is, the direction of the initial 
plane of ray-lines, having for equation 

у = 2 tan. ¢’. | (02%) 
Thus the final line òl and initial plane $' revolve together,* but not in general with equal 
rapidity; and arbitrary rectangular directions of the one do not in general give rectangular 
directions of the other, because the conditions 


5p’ 8 66’ , op" 


ОГ FA tan. $i E ED 5y tan. фә 

tan. фу = ai , tan. фо = ———ÀÀ—————, 
да ^ да t ba’ fi да’ мещ ую 
yey eN m ere (9 


т n 
ф=ф+5, A =p ts, 


(in which т is the semicircumference to the radius unity,) give the following formula for the 
angle фу, 
òB’ 88' , ёа ёа 68^? (88^* (8c „(ү i 
2 (5 by "Bu sy) ° мий 26 - ($5) г (55) + (Be) by]? i 


which is not in general satisfied by arbitrary values of that angle. There are however in general 
two rectangular final directions determined by this formula, which correspond to two rectangular 
initial planes; and if we take these rectangular directions and planes respectively for the direc- 
tions of æ, y, and for the planes of az’, y'z', we shall have 
да’ OF Mri 
5—0, ge (хи) 
We may also in general satisfy, at the same time, by а proper choice of the semiaxes of co- 
ordinates, the following other conditions, 

68 pi .98 (Үч) 


<— > 0), 


бу ? By 


* [Either in the same sense throughout, or in opposite senses. | 
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By this choice of coordinates, the relations rm are simplified, and become 


80' . cos. ¢’ = Sp 51. cos. ф; 
(2%) 


86’ .sin. ф' Mi. 


while the equations (W°) of the initial ray-lines reduce themselves to the following, 
TEL A ,98 n 
a! = 2! 5 ba; y= ж бу. (A) 
If, then, these initial ray-lines form a circular cone having for equation 
ga + y 21259, (Вч) 
the corresponding locus of the final point Bs, on the final plane of «y, will not in general be a 
circle, but an ellipse, having for its equation 
да 88' = B0, T 
(5) bat e (y ) % гм Ww 


of which, by (Y!9), the axis of z coincides with the least and the axis of y with the greatest axis; 
and reciprocally if the final locus be a circle having for equation 


да? + dy? = Èl, (D") 
the initial cone of ray-lines will have for equation 
п (баа a (8B rng 
a (=) +y (57) = 22513, (Ен) 


so that its perpendicular sections are ellipses, having their greater axes in the plane of 2'2', and 
their lesser axes in the plane of y’z’. It is evident that a circle equal to the final circle (D) 
may be obtained from the elliptic cone (ЕЧ), by cutting that elliptic cone by any one of the four 


following planes, 
9 51 "(в —2 
a= + (22) ty rE) SURE 2) me; (qm) 


and in like manner the four elliptic sections of the 24) сопе (B"), made by the same four 
planes, are all equal and similar to the final ellipse (C), In general it is easy to prove by the 
equations of the initial ray-lines (А), that whatever final locus we take for the point Bs, 


represented by the equation 
бу = f (èx), (G™) 


y (68 z' [а 71 i 
(y) s) ) iv 
will have four sections equal and similar to this final locus, namely, the sections by the four 
planes (ЕЧ). We may therefore consider these as four guiding planes for the initial ray, since 
each contains for any proposed final curve or locus (GU) of the final point Bs, an equal and 
similar guiding curve or locus, which is a section of the sought initial cone, and by which therefore 
that cone may be determined. If, then, we know these four guiding planes, or any one of them, 
and the corresponding system of final and initial rectangular directions, or conjugate guiding 
axes, of which two are determined by a guiding plane, we shall be able to construct the initial 
ray-line or ray-cone corresponding to any final position or locus of the point Bs. The fourth and 


the corresponding initial cone 
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last general preblem of those proposed above, may therefore be considered as resolved, by this 
theory of the guiding planes and guiding axes. 

We see then that in order to compare completely the extreme directions of any two near 
luminous paths 

(4, B), (A’, B's, 
in which A is the initial and В the final point of a given path, and A’, B’, are any other initial 
and final points infinitely near to these, the following geometrical elements of arrangement, or 
some data equivalent to them, are necessary and sufficient to be known. 

. First. The final axis, and the initial axis, of chromatic dispersion; and the corresponding final 
and initial constants £, £', with their proper signs, to indicate the directions, as well as the 
quantities of dispersion. 

Second. The final axis, and the initial axis, of curvature of the given path. 

Third. The final pair, and the initial pair, of axes of curvature of the guiding paraboloids, at 
the ends of this given path; and the final and initial constants of deviation n, n’. ) 

Fourth. A guiding plane for the initial ray-lines, and a guiding plane for the final ray-lines; 
together with the final system and the initial system of rectangular directions, or conjugate 
guiding axes, connected with these guiding planes. 

When these different elements of arrangement of the extreme ray-lines are known, we can 
deduce from them the dependence of бе, 58, da’, 88’, and more generally of ёа, 8, dy, da’, 58", dy’, 
on ба, dy, 82, da’, dy’, dz’, dy; and reciprocally when this latter dependence has been deduced 
from the partial differential coefficients of the characteristic or related functions, we can deduce 
from it the geometrical elements above mentioned. 


Application of the Elements of Arrangement. Connexion of the two final Vergencies, 
and Planes of Vergency, and Guiding Lines, with the two principal Curvatures 
and Planes of Curvature of the Guiding Paraboloid, and with the Constant of 
Deviation. The Planes of Curvature are the Planes of Extreme Projection of 
the final Ray-Lanes. 


16. To give now an example of the application of these geometrical elements of arrangement, 
let us employ them to determine the conditions of intersection of two near final ray-lines, corre- 
sponding to a given colour and to a given luminous origin; and let us suppose, for simplicity, that 
one of these two straight ray-lines being the final portion or final tangent of a given luminous 
path (A, B),, the other corresponds (as in the third of the foregoing problems) to a final point 
B; on the given final plane perpendicular to this given path at B. Then if the constant n of 
deviation vanishes, so that the final ray-lines are normals to the guiding paraboloid, the condition 
of intersection requires evidently that the near point Bs should be in one of the two principal 
diametral planes, that is, on one of the two rectangular tangents to the lines of curvature on this 
surface; and the corresponding point of intersection must be one of the two centres of curvature. 
But when п does not vanish, the deviation of the ray-lines obliges us to alter this result. The 
intersection of the near ray-line with the given ray-line will not now take place for the directions 
of the lines of curvature; but for those other directions, if any, for which the angular deviation 
nôl of the ray-line from the normal is equal and contrary to the angular deviation of the normal 
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from the corresponding plane of normal section, that is, from the corresponding diametral plane 
of the guiding paraboloid. This latter deviation, abstracting from sign, is, by the general pro- 
perties of normals, equal to the semidifference of curvatures multiplied by the element of the 
normal section ôl, and by the sine of twice the inclination of this element to either of the lines 
of curvature; it cannot therefore destroy the deviation nl of the ray-line from the normal, unless 
the semidifference of the two principal curvatures of the paraboloid is greater, or at least not less, 
abstracting from sign, than the constant of deviation n; this then is a necessary condition for the 
possibility of the intersection sought. But when the semidifference of curvatures is greater 
(abstracting from sign) than n, then there are two distinct directions P, Ps, of the normal or 
diametral plane of section, symmetrically placed with respect to the two principal planes of 
curvature, and such that if the element of section 81 be contained in either of these two planes, Py, 
Р,, (but not if the element ôl be in any other normal plane,) the corresponding ray-line from the 
extremity of that element will be contained in the same normal plane Р; or Р», and will inter- 
sect the given ray-line as required; and the point of intersection of these two near ray-lines 
will be the centre of curvature of the corresponding normal section. We may therefore call the 
curvatures of these two diametral sections the two vergencies of the final ray-lines; and the two 
corresponding planes Ру, Pa, we may call the two planes of vergency.* 

The same conclusions may be deduced algebraically from the equations (K!?), which give the 
following conditions of intersection of a near ray-line with the given ray-line or axis of z, 

0-(z1—7r)àz —n8y; 0= (271 – #) ду + nda; (T?) 
z being the sought ordinate of intersection, and therefore 77! the vergency: for thus we find by 
elimination the following quadratic to determine the ratio of дл, dy, that is, the direction of 8l, 
(t — r) dady = n (by? + ба), (Ки) 

which may be put under the form 


sin, 2ф = a | (Т2) 


the angle ф being, as in (R"), the inclination of 8/ to the axis of æ, that is, to one of the tangents 
of the lines of curvature, while r, t, are the two curvatures themselves, of the guiding paraboloid; 
there are therefore two real directions of ôl, or one, or none, corresponding to the intersection 
supposed, according as we have 


mi 
(5) >, or =, or « n?; (Ми). 


so that we аге thus conducted anew to the same conditions of reality, апа to the same symmetric 
directions of the two planes of vergency, which we obtained before by a reasoning of a more geo- 
metrical kind. The same conditions may also be obtained by considering the quadratic for the 
vergency itself, namely 

ж т) (271—1) + т? = 0, (№) 
which results from the equations (I) and shows that the sum and product of ће two vergencies 
may be thus expressed, by means of the curvatures т, t, and the constant of deviation n, 


2-1 + 251 =т+{; z ter! =rt +n. (Он) 
The equations (T!) give also, by elimination of n, 
271 = т сов. ф? + tsin. ф?; (Рп) 


* [** Focal planes,”] 
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we see, therefore, as before, that the two vergencies, when real, of the final ray-lines, are the 
curvatures of the two corresponding sections of the guiding paraboloid. In general the centre of 
curvature of any section of this surface, made by a normal plane drawn through the given final 
ray-line, is the common focus by projection of all the near ray-lines from the points of that section; 
that is, the projections of these near ray-lines on this plane all pass through this centre of curva- 
ture. The two rectangular planes of curvature, or principal diametral planes, of the guiding 
paraboloid, may therefore be called the planes of extreme projection; under which view they were 
considered in the First Supplement, for the case of an uniform medium, and were proposed as 
a pair of natural coordinate planes passing through any given straight ray. The two planes of 
vergency, for the case of straight final rays, were also considered in that First Supplement, in 
connexion with the two developable pencils or ray-surfaces which pass through a given straight 
ray, and of which the two tangent planes contain rays infinitely near, and therefore coincide with 
the two planes of vergency. 

When the planes of vergency are real and distinct, then, whether the final rays are straight 
or curved, there exist two guiding lines* perpendicular to the given final ray-line, which are both 
intersected by all the near final ray-lines from the points B; on the given final plane of zy, and 
which therefore suffice to determine the geometrical arrangement and relations of that system of 
final ray-lines. To prove the existence and determine the positions of these two guiding lines, let 
us examine what conditions are necessary and sufficient, in order that a right line having for 
equations 


y=atan.®, z=Z, (Q4) 
should be intersected by all the near final ray-lines of the system (K). These conditions are 
271 =r +ncotan. Ф = – n tan. Ф; (RH) 
they give 
А _ 2% »" 
sin. 2Ф = yd (89) 
and 
(Z3 —r)(Z3-—1) + т = 0: cpu 
when therefore 
(t — т)? > 4n?, (UP) 


that is, when there are two real vergencies, there are also two real guiding lines of the kind 
explained above; and these two guiding lines are contained in the two planes of vergency, and 
cross the final ray-line in the two corresponding points in which it is crossed by other ray-lines 
of the same system: the intersection of each guiding line with the given final ray-line being the 
point of convergence or divergence of the near ray-lines contained in that plane of vergency which 
contains the other guiding line. When the constant of deviation » vanishes, these guiding lines 
are necessarily real, and are the axes of the two principal circles of curvature of the guiding 
paraboloid. And when the final rays are straight, then, whether n vanishes or not, the two guiding 
lines (if real) are tangents to the two caustic surfaces; that is, to the two surfaces which are touched 
by the final rays, and are the loci of the two points of vergency. If the guiding lines are imaginary 
then the points of vergency are so too, and the final rays are not all tangents to any common sur- 
face. We shall have occasion to resume hereafter the theory of the caustic and developable surfaces. 

If it happen that 
t—r=+2n, (V9 


* [< Focal lines”; cf. p. 44, where a normal congruence was considered.] 
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without £ — r and n separately vanishing, then the two planes of vergency close up into one plane, 
bisecting one pair of the right angles formed by the two principal planes of curvature of the 
guiding paraboloid; the two vergencies reduce themselves to a single vergency, corresponding to 
this single plane, and equal to the semisum of the two curvatures of the same surface: and the 
two guiding lines reduce themselves to a single guiding line, passing through the corresponding 
point of convergence or divergence, and having still the property of being intersected by all the 
near final ray-lines, although this property is not now sufficient to determine this system of 
ray-lines. 

But if the two members of (V!) vanish separately, that is, if the difference of curvatures and 
the constant of deviation are separately equal to zero, then the guiding paraboloid is a surface of 
revolution, having its summit at the given final point В, and all the near final ray-lines are normals 
to this paraboloid of revolution, and (with the same order of approximation) to the osculating 
sphere at its summit, and they all pass through the centre of this sphere. Reciprocally, if there 
be any one point 0, 0, Z, through which all the final ray-lines pass, the equations (К!) give 


n=0, tarag, (Wm) 

and the more general equations (V°), in which the rectangular axes of # and y are arbitrary, give 

ba 58. „1. 9*5... 28 1. п 

a te 3 5p ba , (Хн) 
that is, by (G°), or (С°), 

PE Z- 7199 

bat + &à 7 babe) 

By да ёю m e TT 


Sandy ab бабу Bön’ 
"EA TS act 
by" 58?  5885y' 

When the final rays are straight, and satisfy these last conditions (Y"), which then reduce 

themselves to the following, 
PE „259. 15 9 me TE wt OO 

the given final ray becomes one of those which we have called principal rays in former memoirs, 
and the point of convergence or divergence 0, 0, Z, is what we have called a principal focus. 


Second Application of the Elements. Arrangement of the Near Final Ray-lines 
from an Oblique Plane. Generalisation of the Theory of the Guiding Para- 
boloid and Constant of Deviation. General Theory of Deflecures of Surfaces. 
Circles and Axes of Deflexure. Rectangular Planes and Axes of Extreme 
Deflexure. Deflected Lines, passing through these Axes, and having the Centres 
of Deflexure for their respective Foci by Projection. Conjugate Planes of- 
Deflexure, and Indicating Cylinder of Deflexion. 

17. The foregoing theorems respecting the mutual relations of the final ray-lines, suppose 
that the near final point B; is on the given plane which is perpendicular to the given luminous 
path (A, B), at its given final point B: but analogous theorems can be found for the more 


HMP 31 
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general case where the near final point B' is not in this given perpendicular plane, by combining 
the solutions of the second and third of the four problems lately discussed; that is, by con- 
sidering jointly the second and third sets of coefficients (O°), and therefore by employing the 
following equations for a final ray-line, 


sche (08 2+ 87 by +50 à), 

(А?) 
б à ò 

у= by +2 (32 be er ду + Be). 


If, in these equations, we establish no relation between ба, dy, dz, then the system of these final 
ray-lines (А18) is what has been called (in my Theory of Systems of Rays) a System of the Third 
Class,* because the equations of a ray-line in this system involve three arbitrary elements of 
position, namely, the coordinates da, dy, 82, of the near point В’; but to study more con- 
veniently the properties of this total system of the third class, we may decompose it into partial 
systems of the second class, that is, systems with only two arbitrary elements of position, by 
assuming some relation, with an arbitrary parameter, between the three coordinates da, dy, 22, 
or, in other words, by assuming some arbitrary and variable surface, as a locus for the near 
point B’, For example we may assume, as this locus, an oblique plane passing through the given 
point B, and having for equation 
д2 = pda + q òy, (BY) 


in which one of the two parameters р, q, is arbitrary, and the other depends on it by some 
assumed law; and then, for every such assumed plane locus (В!?), we shall have to consider 
a partial system of the second class, deduced from and included in the total system of the third 
class (A?) ; namely, a system in which the equations of a ray-line are as follows, 


в=в+(+р$=) 82+: (28 +95") Sy; 


бу 
89 88 68 88 


y= òy +e (ораг) 80+ (е +a 5°) ду. 


Let us therefore consider the geometrical arrangement and properties of this system of final ray- 
lines (C, corresponding to the oblique plane locus (B'?) of the final point. B’. 


(C?) 


The system (C??), of ray-lines from the arbitrary oblique plane (В??), includes, as a particular 
case, the system of ray-lines from the plane of no obliquity: that is, the system (Ү?), considered 
in a former number. Апа as the ray-lines of that particular system (V?) were found to have 
a remarkable connexion with the guiding paraboloid (Z?), which touched the given perpendicular 
plane locus of the near final point Bs, and which satisfied the differential condition of the second 
order (Y°): so, the ray-lines of the more general system (C?) may be shown to be connected in 
an analogous manner with the following more general paraboloid, which satisfies the same 
differential condition (Y°), and touches the more general oblique plane locus (В?) at the given 
final point B, 

z = pz фу + {тай + say + ity; (D?) 


* [See p. 15. It must be remembered that the ray-lines are tangents to the rays. The rays, for given initial point 
and colour, form a doubly infinite system of curves, but the ray-lines form a triply infinite system, or complex.] 
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in which p, q, retain their recent meanings, and the coefficients r, s, ¢ have the following values, 


LOO DNO AM ей ОВ}. 
r=—(S+p 5) t=- (523): 
Y 88 да 88 да 
(tnt 52 +9 =): 
But in order to develope this more general connexion, between the ray-lines (C™) and the 
paraboloid (D'?), it will be useful previously to establish some general theorems respecting the 


deflexures of curved surfaces, which include some of the known theorems respecting their 
curvatures and planes of curvature. 


Let us then consider the paraboloid (D), or any other curved surface which has, at the 
origin of coordinates, a complete contact of the second order therewith, and which is therefore 
approximately represented by the same equation: that is, (on account of the arbitrary position 
of the origin, and arbitrary values of the coefficients p, q, 7, s, t,) any surface of continuous 
curvature, near any assumed point upon this surface. The tangent plane at this arbitrary point 
or origin has for equation 


(E?) 


z-—pz t qy; (F*) 


and the deflezion from this tangent plane, measured in the direction of the arbitrary axis of 2, 
which we shall call the awis of deflewion, or in any direction infinitely near to this, is, for any 
point B’ infinitely near to the point of contact B, 


Deflewion = 482 = hr ба? + $828y + 180°. (G9) 
This deflexion depends therefore on the perpendicular distance 1 of the near point B’ from the 
axis of deflexion, and on the direction of the plane containing this point and axis; in such 
a manner that if we put, as in (К), 
ôx = ôl. cos. ф, ду = д1. віп. ф, 


and give the name of deflewure (after the analogy of the known name curvature) to the quotient 
9 ‚ that is, to the double deflexion divided by the square of the perpendicular distance from 
the axis of deflexion, we shall have the following law of dependence of this deflezure, which we 
shall denote by f, on the angle ¢, 


Deflecure = f = = =r сов. ф? + 28 cos, ф sin. ф + sin. ф?. (НЗ) 


There are, therefore, two rectangular planes of extreme deflexure, corresponding to angles фу, фз, 


determined by the following formula, 
25 


Pt esci 12 
tan. 2$ = —; (29) 
and if we take these for the coordinate planes of zz, yz, and denote the two extreme deflecures 


corresponding by fi, f2, we have 


Tmf,, 820, t=f3, (К?) 
and the general formula for the deflexure becomes 
| f =. соз. d? + fa sin. *: (L9) 
31-2 
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which is analogous to, and includes, the known formula for the curvature of a normal section. 
And as it is usual to consider a system of circles of curvature, for any given point of a curved 
surface, namely, the osculating circles of the normal sections of that surface, so we may now 
more generally consider a system of circles of deflerwre: namely, in each plane of deflexure ¢, a 
circle passing through the given point of the surface, and having its centre on the given axis of 
deflexion, and its curvature equal to the deflexure f; so that the radius of this circle, or the 


ordinate of its centre, which we may call the radius of deflexure, is * and so that the equations 
of the circle of deflexure are, 
y =m tan. ф, ye hum. | (Мз) 


We may also give the name of awis of deflewure, to the axis of this circle, that is, to the right 
line having for equations 


y = — 2 cotan. $, = (NP) 


and we easily see that there are two principal circles of deflecure, analogous to the two principal 
circles of curvature, namely, the two circles having for equations 


JU. Md a EU aree 
fa 3 
2; (07) 
Second 220, 7+2=—; 
fa 
and two principal rectangular ases of deflecure, namely, 
First «=0, f Second y=0, zr (pm 


These principal axes of deflexure are analogous to the principal axes of curvature, that is, to the 
axes of the two principal osculating circles of the normal sections, in the less general theory of 
normals. And as, in that theory, the near normals all pass through the two principal axes of 
curvature,so we may now consider a more general system of right lines, which we shall call the 
deflected lines, all near the arbitrary axis of deflexion, and all passing through the two corre- 
sponding principal axes of deflexure, and therefore having for equations, 


а= ё@— 2/18, y=Sy—2fody, ($2) 
when the coordinates are chosen as before. These deflected lines are normals, in the present 


order of approximation, to the locus of the circles of deflexure (М??), that is, to the surface of the 


fourth degree 
22 (a y). 


fèt fa’ 
and they might be defined by this condition, or by the condition that they are normals, in the 
same order of approximation, to the following paraboloid, 

Ut + fay) (S) 
which osculates to the locus (К^), and has the property that its ordinates measure the deflexions 
(G2) of the given surface. 


+y += (Е) 
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A deflected line of the system (Q") is in the corresponding plane of deflexure 
уба = 20у, (T5) 


if that plane coincide with either of those two principal rectangular planes of deflexure, which 
we have taken for coordinate planes; but otherwise the deflected line makes with the plane of 
deflexure an infinitesimal angle dy, expressed as follows, 
ye = 1 (A — fa) 81. sin. 26: (Um) 
this angle, therefore, is equal to the semidifference of the extreme deflexures multiplied by the 
infinitesimal perpendieular distance from the axis of deflexion, and by the sine of twice the 
inclination $ of this perpendicular (or of the plane of deflexure containing it) to one of the two 
rectangular planes of extreme deflexure.: In this general case, the deflected line (Q7) does not 
intersect the given axis of deflexion, which we have made the axis of 2; but the deflected line 
(О?) always intersects its own axis of deflexure (№), in a point of which the coordinates may 
be thus expressed à 
jy. yr 1 
2 = — —-.вш.ф, y-——-.c08.0, 2= -, yu 


the symbols f, ф, and 8%, retaining their recent meanings. It is easy also to see that if a near 
deflected line be projected on the corresponding plane of deflexure, the projection will cross the 
axis of deflexion in the centre of the circle of deflexure; and therefore that this centre of 
deflexure may be considered as a focus by projection, and that the planes of extreme deflewure are 
planes of extreme projection. 

The foregoing results respecting the deflexures and deflected lines of a curved surface, near 
any given point upon that surface, and for any given axis of deflexion, may easily be expressed 
by general formule extending to an arbitrary origin and arbitrary axes of coordinates. If, for 
simplicity, we still suppose the coordinates rectangular, and still take the given point upon the 
surface for origin, and the given axis of deflexion for axis of z, but leave the rectangular 
coordinate planes of 22 and yz arbitrary, so that the coefficient s in the equation of the surface 
shall not in general vanish, then the equations of a deflected line become 


а= ёш — 2(т8а+ 88у), у= бу— z(sðs + бу); (Wm 
since the equation of the paraboloid (82), to which they are nearly normals, and of which the 
ordinates measure the deflexions (022) of the given surface, becomes 
2= фта? + вау ity. (X2) 
The deflexure for any plane ф is expressed by the general formula (H™); and in like manner 
the general formulz (M!) (N??) determine still the circle and axis of deflexure. The two principal 


planes of deflexure, фу, $z, are still determined by the formula (12), while the corresponding 
extreme deflexures, /,, f2, are the roots of the following quadratic 


' /7#—/(т+])+—8#=0: (x) 


and the angular deviation ôy of a deflected line from the corresponding plane of deflexure, is 
thus expressed, 


By =} (fi - fa) sin. (2p — 26). ôl = (Fein. 24 —в.сов. 2%) 81. (Zi) 
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Before we proceed to apply these general remarks on the deflexures of surfaces to the optical 
question proposed in the present number, that is, to the study of the connexion of the ray-lines 
(С?) with the paraboloid (028), we may remark that the theory which M. Dupin has given, in 
his excellent Développements de Géométrie, of the indicating curves and conjugate tangents of a 
surface, may be extended from curvatures to deflexures. For if we consider the deflexion 
($8572 — 2 791°) in the given arbitrary direction of z as equal to any given infinitesimal quantity 
of the second order, that is, if we cut the given surface by a plane 


z — pæ — фу = } 02 = deflewion = const., (Аз) 


parallel and infinitely near to the given tangent plane (Е), we obtain in general a plane curve 
of section which may be considered as of the second degree, namely, the indicating curve con- 
sidered by M. Dupin, of which the axes by their directions and values indicate the shape of the 
given surface near the given point, by indicating its curvatures and planes of curvature. This 
indicating curve is on the following cylinder of the second degree, which has for its indefinite 
axis the axis of deflexion, and which we shall call the indicating cylinder of defleaion, 


ra? + 2sæy + ty? = 022 = const. ; (B!) 


and it is easy to see that the two principal planes of deflexure, фу, $2, are the principal diametral 
planes of this indicating cylinder, and that the two principal deflexures /,, f2, positive or negative, 
are equal respectively to the given double deflexion 222 divided by the squares of the real or 
imaginary principal semidiameters or semiaxes of the cylinder, perpendicular to its indefinite 
axis. In general, the positive or negative deflexure f, corresponding to any plane of deflexure ¢, 
is equal to the given double deflexion 6%z divided by the square of the real or imaginary semi- 
diameter of the cylinder, contained in this plane of deflexure, and perpendicular to the axis of 
deflexion, that is, to the indefinite axis of the cylinder. Hence it follows, that if we consider any 
two conjugate diametral planes ф, $,, which we shall call conjugate planes of deflezure, and which 
are connected by the relation 


0=7 + $ (бап. $ + tan. ф,) + t. tan. $ tan. ¢,, (С?) 


the sum of the two corresponding conjugate тайй of deflecure, ; + 5 , 18 constant, and equal to the 
! 
sum of the two extreme or principal radii: that is, we have 


Labia Ж 

3+3=54+5, Dis 

FUA him 
a relation which might also have been deduced from the general expression for the deflexure, 
without its being necessary to employ the indicating cylinder. We may remark that any two 
conjugate planes of deflexure, connected by the relation (C9), intersect the tangent plane of the 
surface in two conjugate tangents of the kind considered by M. Dupin. 


Let us now resume the system of ray-lines (О), of which the equations may be put by (E?) 
under the form 
æ = ёа — z (ròs + 88у) — andy, | 


у = dy — z (sda +tdy) + nda, | 


2a POR Ca RM ЖМ 
n= (7$ +P 32-152): m 


(E) 


if we make 
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and let us compare these ray-lines with the deflected lines from the auxiliary paraboloid (D!?), 
which have for equations 


æ= ба — z (т8а+ 80у), у= у – 2(882 +18). (W®) 
We easily see, by this comparison, that the infinitesimal angle of deviation др of a ray-line (Е?З) 
from the corresponding deflected line (W??), is still determined by the same formula (М!) 
ду = nòl, 


as in the simpler theory of the guiding paraboloid explained in the fifteenth number; that is, 
this angular deviation 8» is still equal to the perpendicular distance ô} of the near final point 
from the given final ray-line, multiplied by a constant of deviation n. The plane of this angle àv, 
that is, the plane containing the ray-line (E") and the deflected line (W!?), has for equation 


282 + уду = 8Ї# — z (тда? + 28 dady + 90у), (G9) 
and therefore contains the right line having for equations 
gc wr o з 


that is, the axis of deflexure (№2) : results which are analogous to those of the fifteenth number, 
expressed by the equations (№0) (O1). And we may construct the final ray-line (E!?) by a 
process of rotation analogous to that already employed, namely, by making the deflected line 
(W), which passes through the two rectangular axes of deflexure of the auxiliary paraboloid 
(D, revolve round the perpendicular 21, through the infinitesimal angle ôv, proportional to 
that perpendicular. The theory, therefore, of the guiding paraboloid and constant of deviation, 
which was given in the fifteenth number, for the ray-lines from the near points В; on the final 
perpendicular plane, extends with little modification to the ray-lines from the points B’ on any 
final oblique plane locus passing through the given final point: namely, by employing a more 
general auxiliary paraboloid, and by considering deflexures and deflected lines, instead of 
curvatures and normals, And we may transfer to this more general auxiliary paraboloid, and to 
its connected constant of deviation, the reasonings of the sixteenth number, respecting the 
system of final ray-lines; for example, the reasonings respecting the foci by projection, and 
those respecting the condition of intersection of such ray-lines. And since for any given values 
of p, q, that is, for any given position of the oblique plane (B), we can construct the new 
auxiliary paraboloid (D2), and its new constant of deviation (F"), by ihe coefficients 


ёа 88 да 88 8а 08 

LE? , $2 , by D бу , $2 , $2 , 
that is, by means of the former guiding paraboloid (Z°) and the former constant of deviation (B^), 
and by the magnitude and plane of curvature (T°) of the final ray, we may be considered as 
having reduced the theory of the,geometrical arrangement and relations of the system of final 
ray-lines (C2), from an oblique plane (B2), to the theory of the elements of arrangement, which - 
was given in the fifteenth number. 
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Construction of the New Auxiliary Paraboloid, (or of an Osculating Hyperboloid,) 
and of the New Constant of Deviation, for Ray-lines from an Oblique Plane, 
by the former Elements of Arrangement. 


18. To construct the new auxiliary paraboloid (D) by the former elements of arrangement, 
we may observe that this new paraboloid not only touches the given oblique plane (В?) at the 
given final point B of the original luminous path, but osculates in all directions at that given 
point to a certain hyperboloid, represented by the following equation, 


8 
г = pc + фу + roo? + say + tty? — $2 GATE (I9) 
in which то, so, fo, are the particular values 
50 V ME T: б В "WT К 
cae и СЫЗ! 7" i (E) 
of the coefficients r, s, £, deduced from the general expressions (E?) by making 
p=0, q=0, (12) 


that is, by passing to the case of no obliquity; so that the equation (Z?) of the guiding 
paraboloid may be put under the form 
г = }тоа? + ry + tty’, (M13) 

which includes the form (02). Reciprocally, the sought paraboloid (D™) is the only paraboloid 
which has its indefinite axis parallel to the given final ray-line, and osculates in all directions at 
the given final point to the hyperboloid (1?) : it is therefore sufficient to construct this osculating 
hyperboloid, in order to deduce the sought paraboloid (028). We might even employ the hyper- 
boloid as a new guiding surface for the ray-lines from the oblique plane, instead of employing 
the paraboloid, since these two osculating surfaces have the same deflexures and deflected lines, 
near their given point of osculation. 

Now to construct the osculating hyperboloid (1), by the oblique plane (B?) or (Е), and by 
the former elements of arrangement, that is, by the guiding paraboloid (М), and by the 


coefficients s ы ‚ Which determine the magnitude and plane of curvature of the final ray, we 
may compare the sought hyperboloid (I?) with the following new paraboloid 
2= ра + фу + roa? + sory + Б, (NS. 


which may be called the guiding paraboloid removed, since it is equal and similar to the guiding 
paraboloid (M35), and may be obtained by transporting that guiding paraboloid without rotation 
to à new position such that it touches the given oblique plane at the given point. The inter- 
section of the hyperboloid (1%) and paraboloid (N!) consists in general of an ellipse or hyperbola 


in the given plane 
2 = 0, (015) 
perpendicular to the given final ray, and of a parabola in the plane 


да 6 
2$ ye =0, (pu) 
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which contains the given final ray-line or ray-tangent, and is perpendicular to the final plane of 
curvature of the ray. If then, we make this final plane of curvature the plane of wz, so that its 


equation shall be 
and so that, by (T°), 
В - o, qus) 


we shall have the following equations for the two curves of intersection; first, for the ellipse 
or hyperbola, 
270, ра+фу + rod? + ау + Moy! = 0; (S?) 


and secondly, for the parabola, 
a=0, z=qy+ ity: (T5) 


and these two curves may be considered as known, since they are the intersections of two known 
planes with the known guiding paraboloid removed to a known position. To examine now how 
far a surface of the second degree is restricted by the condition of containing these two known 
curves, and what other conditions are necessary, in order to oblige this surface to be the 
hyperboloid sought, let us employ the following general form for the equation of a surface of the 
second degree, 

Aa? + By? + Сг? + Day + Hye + Fea + Ga + Hy + Iz + К = 0, (0л) 


and let us seek the relations which restrict the coefficients of this equation when the surface is 
obliged to contain the two known curves. The condition of containing the parabola (TP?) gives 


K=0, H=-Iq, E20, C=0, В=—11%; (V1) 
so that, by this condition alone, the general equation (U™) is reduced to the following form, 
z=qy + hoy? — T (G+ Fe + Dy + Ал). | (wr) 
In order that this less general surface of the second degree, (W!*), should contain the ellipse or 
hyperbola (813), it is necessary and sufficient that we should have the relations, 
G — — Ip, Г = — Is, А = – } Гә: (X15) 


the general equation, therefore, of all those surfaces of the second degree which contain at once 
the two known curves (813) (ТЇЗ), involves only one arbitrary coefficient, and may be put under 
the form | 

z= pæ qy ros? + жу + $toy? + Naz. (Үз) 


This general equation, with the arbitrary coefficient X, belongs to the guiding paraboloid 
removed, that is, to the surface (№), when we suppose 


= 0; (72%) 
and the same general equation belongs by (R*) to the sought hyperboloid (I?), when 
ба, 
A=- i $2 . (Ам) 


НМР f 32 
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To put this last condition under a geometrical form, let us, as we have already considered 
the intersections of the hyperboloid with the two rectangular coordinate planes of zy and yz, 
consider now its intersection with the third coordinate plane of zz, that is, with the plane 
of curvature (Q!) of the given final ray. This intersection is the following hyperbola, 


у = 0, а= pora? — } se, (Ви) 
and the corresponding intersection for the surface (Ү?З) is 


y=0, 2= ра + фта? + №2; (C4) 


the condition (A™) is therefore equivalent to an expression of the coincidence of these two 
intersections; and if we oblige the surface of the second degree (U!) to contain the three curves 
(518) (Тіз) (B), in the three rectangular coordinate planes, we shall thereby oblige it to become 
the sought hyperboloid (I9). It is not necessary, however, though it is sufficient, to assign the 
hyperbola (B"), as a third curve upon this hyperboloid. For, in general, if we know the inter- 
sections of a surface of the second degree with two known planes, there remains only one 
unknown quantity in the equation of that surface, and the intersection with a third known plane 
is more than sufficient to determine it. Thus, in the present question, if the intersection (O4) be 
distinct from the following parabola 
у=0, 2= put irc, (D^ 


that is, if the surface (Ү?З), containing the two known curves (518) (ТЇЗ), be distinct from the 
known guiding paraboloid removed, which also contains the same two curves, the intersection 
(C4) with the plane of curvature of the ray is in general a hyperbola, which touches the known 
parabola (D^) at the known origin of coordinates, and meets this parabola again in another 
known point on the axis of 2, that is, on the radius of curvature of the known final ray, namely, 
in the point 
INL, 7 y=0, 220; (Ем) 

To 
the hyperbola (C™) has also one asymptote parallel to the known final ray-line or axis of z, 
namely, the asymptote having for equations 


2 y =, (Ем) 


= X P 
and it will be entirely determined, if, in addition to the foregoing properties, we know also a line 
parallel to its other asymptote, namely, to that which has for equations 


s=-2(ž)z-5- 7, у = 0: (би) 


To 


it will therefore be obliged to coincide with the hyperbola (BV), if only we oblige its second 
asymptote (О!) to be parallel to the following known right line, 


_ £ да 


n ЧИК үү (ни) 
in which the coefficient 
1 бе _ curvature of ; final ray — 1ч) 
то 2х deflexure of guiding paraboloid’ 
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the plane of the deflexure 7» being the plane of curvature of the ray. We see, then, that this 
last condition, respecting the direction of the second asymptote (G") of the hyperbolic section 
(C14), is sufficient, when combined with the conditions of containing the two known curves (S?) 
(T!), to determine completely the sought hyperboloid (I'?) Even the conditions of containing 
the two curves (513) (T!) are not perfectly distinct and independent; nor would their coexistence 
be possible, in the determination of a surface of the second degree, if the two points in which the 
parabola ('Т!8) is intersected by the axis of y, that is, by the intersection-line of the planes of the 
two curves, namely, the origin and the point 


2=0, у= 0, 1-0, а, 


were not also contained on the ellipse ог hyperbola (S"). But we may confine ourselves to the 
last chosen conditions, of having these two known curves as the intersections of the hyperboloid 
with two known planes, and of having known directions for the asymptotes of its hyperbolic curve 
of intersection with a third known plane, as adequate and sufficiently simple conditions for the 
construction of the sought hyperboloid, and thereby of the auxiliary paraboloid (D™), to which 
that hyperboloid osculates, And with respect to the new constant of deviation n, connected with 
this auxiliary paraboloid, we may put its general value (F!?) under the form 


д д 
=» +їрР M: ih 
no being the particular value , 
ò 
по = 4 (28 а A (Ми) 


for the plane of no obliquity, that is, the value (В!) connected with the guiding paraboloid (72) 
in the theory of the elements of arrangement which was given in a former number: we may 
therefore construct the new constant n, as the ordinate z of a plane 


Z — po + qy t "o, | (NU) 
which is parallel to the given oblique plane (B), and contains the point 
| @=0, y=0, zen, (ОРУ, 
so that it intersects the axis of z at a distance from the origin = the old constant of deviation no. 
The other coordinates z, y, to which the ordinate z = n corresponds, are 


s=} É, у=}, (Pu) 


so that the corresponding line Va? + y? is equal to half the curvature of the ray, and is perpen- 
dicular to the radius of that curvature. 


The details of the present number have been given, in order to illustrate the subject, by 
= combining it more closely with geometrical conceptions; but the new auxiliary paraboloid, and 
tbe new constant of deviation, might have been considered as sufficiently defined by their former 
algebraical expressions. 


32-2 


www.rcin.org.pl 


252 IV. THIRD SUPPLEMENT [19 


Condition of Intersection of Two Near Final Ray-lines. Conical Locus of the Near 
Final Points in a variable medium which satisfy this condition. Investiga- 
tions of Malus. Illustration of the Condition of Intersection, by the Theory of 
the Auxiliary Paraboloid, for Ray-lines from an Oblique Plane. 

19. Returning now to the system of final ray-lines (C?) from an oblique plane (B™), let us 
consider the condition necessary in order that one of these near final ray-lines (С?) may intersect 


the given final ray-line or axis of z. This condition may be at once obtained by making æ and y 
vanish in the equations (О), and then eliminating 2; it may therefore be thus expressed, 


ба. (£+ В | р^) в + (5 22 а 22) гу by. (eas) i + (se + ауе) гур, (Qu) 


бу 
ог more concisely thus, on account of the equation of the oblique plane (В), 
88 58 58 ба да да у 
be. (55 бо у, у + у, 82) = бу. (5 dot 5 ay + 5: às), (RM) 
that is, 
808 = дуда; (Su) 


it is therefore necessary and sufficient, for the intersection sought, that the near final point B' 
should be on a certain conical locus of the second degree, determined by the equation (R4), between 
the coordinates da, dy, д2. А conical locus of this kind appears to have been first discovered by 
Malus. That excellent mathematician and observer had occasion, in his Traité D’Optique,* to 
make some remarks on the general properties of a system of right-lines in space, represented by 
equations of the form 


in which m, n, o, are any given functions of the coordinates 2’, y’, 2’, of a point through which 
the line is supposed to pass, and by which it is supposed to be determined; and he remarked that 
the condition of intersection of a line thus determined, with the corresponding near line from a 
point infinitely near, was expressed by an equation of the second degree between the differentials 
of the coordinates a’, y’, 2', which might be considered as the equation of a conical locus of the 
second degree for the infinitely near point. The theory of systems of rays which was given by Malus, 
differs much, in form and in extent, from that proposed in the present Supplement; especially because, 
in the former theory, the coefficients which mark the direction of a ray were left as independent 
and unconnected functions, whereas, in the latter, they are shown to be connected with each other, 
and to be deducible by uniform methods from one characteristic function. But the mere con- 
sideration of the existence of some functional laws, whether connected or arbitrary, of dependence 
of the coefficients m, n, o, on the coordinates 2’, y’, 2’, or of a, B, y, on 2, y, z, conducts easily, as 
we have seen, to a conical locus of the kind (R“). This result may however be illustrated by the 
theory which we have given of the geometrical relations of the near final ray-lines from an 
oblique plane with the deflected lines of a certain auxiliary paraboloid, and with a certain law 
and constant of deviation. 

For, according to the theory of these relations, the ray-line from a near final point B’ on a 
given oblique plane drawn through the given point B, will or will not intersect the given final 


* [Mémoires présentés à Г Institut par divers savans, Sciences math. et phys., 2 (1811), pp. 214-302.] 
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ray-line from B, according as its deviation ôv from its own deflected line does or does not com- 
pensate for the deviation ôy of that deflected line from the corresponding plane of deflexure, by 
these two deviations being equal in magnitude but opposite in direction; the condition of inter- 
section may therefore be thus expressed, 


dy + dy = 0; (TM) 
or, by the values of the deviations 8v, dy, established in the seventeenth number, 
n= 1 . sin. 2ф + s. cos. 2ф, (Ом) 
that is, 
n (da? + dy?) = (t т) dady + s (да? — 8y?) : (V9 


and the condition of intersection thus obtained, by the consideration of two equal and opposite 
deviations, is, on account of the meanings (E?) (F!?) of n, r, s, t, equivalent to (Q'*), and therefore 
to the equation (R!4) of the cone of the second degree. In this manner, then, as well as by the 
former less geometrical process, we might perceive that the two planes of vergency for the ray- 
lines from an oblique plane, (determined by (U'*) or (V!5, and analogous to the two less general 
planes of vergency considered in the sixteenth number,) intersect the oblique plane in the same 
two lines in which that plane intersects a certain cone of the second degree, through the centre 
of which cone it passes; and that the planes of vergency are imaginary when the oblique plane 
does not intersect this cone. We may remark that the intersection of the oblique plane with the 
cone, or of a near final ray-line from the oblique plane with the given final ray-line, is impossible, 
when the constant of deviation corresponding to the oblique plane is greater (abstracting from 
its sign) than the semidifference of the extreme deflexures of the auxiliary paraboloid: for then 
the compensation of the two deviations ôv, dy, is impossible, the near ray-line always deviating 
more from the corresponding deflected liné of the auxiliary paraboloid, than this deflected line 
from the corresponding plane of deflexure. And when the compensation and therefore the inter- 
section becomes possible, by the constant of deviation being less than the semidifference of the 
two extreme deflexures, then the two real planes of vergency of the near final ray-lines from the 
oblique plane are symmetrically situated with respect to the two rectangular planes of extreme 
deflexure: which latter planes may also, for a reason already alluded to, be called the planes of 
extreme projection of the final ray-lines. 


Other Geometrical Illustrations of the Condition of Intersection, and of the Elements 
of Arrangement. Composition of Partial Deviations, Rotation round the Axis 
of Curvature of a Final Ray. 


20. The condition of intersection of two near final ray-lines may also be illustrated, and 
might have obtained, by other geometrical vonsiderations, on which we shall dwell a little, 
because they will help to illustrate and improve the theory of the elements of arrangement. 


It was remarked, in the fourteenth number, that the general comparison of a given luminous 
path (A, B), with a near path (A’, B’),.s, might be decomposed into several particular 
comparisons, such as the comparisons with the less general near paths (A, Ba), (A, Bs),, and ` 
others, on account of the linear form of the expressions (D?) for the variations da, 58, da’, 58’, of 
the extreme small cosines of direction, which form permits us to consider separately and 
successively the influence of the variations of the extreme coordinates and colour, or the influence 
of any groupes of these variations. Accordingly, by an Analysis founded on this remark, we 
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decomposed the general discussion of the geometrical relations of infinitely near rays into four 
less general problems, which were treated of, in the fifteenth number. The applications, in the 
sixteenth number, to questions respecting the mutual intersections of the final ray-lines from 
the final perpendicular plane, may be considered as only illustrations and corollaries of the third 
of those four problems: but the questions since discussed, respecting the ray-lines from an 
oblique plane, require a combination of the solutions of the second and third of the four problems, 
and furnish, therefore, an example of the Synthesis of those elements of arrangement of near rays, 
to which the former Analysis had conducted. This synthesis, however, has in the foregoing 
numbers been itself algebraically performed, (namely, by the algebraical addition of certain 
partial variations,) although many of the results were enunciated geometrically, and combined 
with geometrical conceptions: but a geometrical idea and method, of the Synthesis of the 
Elements of Arrangement, may be obtained by considering, in a general manner, the geometrical 
composition of partial deviations. 

To understand more fully the occasion of such composition, let us remember that our theory 
of the Elements of Arrangement enables us to pass from the extreme directions of a given 
luminous path (A, B),, to the four following sets of near extreme directions, by the solution of 
the four problems considered in the fifteenth number. 

First. The extreme directions of the near path (A, B),+s,, which has the same extreme points 
A, B, but differs by chromatic dispersion. 

Second. The final direction of (A, Ba), that is, of the original path prolonged at the end, 
and the initial direction of (A5, B),, that is, of the same path prolonged at the beginning; these 
near extreme directions being in general affected by curvature. 

Third. The final direction of the path (A, Вг), and the initial direction of (As, В), ; th 
small lines AAs, BBs, being perpendicular to the given path at its extremities. 


Fourth. The initial direction of (A, B;),, and the final direction of (As, B),. 

We saw also that the initial direction of (A, Bz), and the final direction of (Aq, B), do not 
differ from the corresponding extreme directions of the original luminous path. 

If then we would apply this theory to determine the final direction of an arbitrary near path 
(A’, B’),45,, we have to consider and compound, algebraically or geometrically, the following 
partial deviations from the given final direction of the given path (A, B),: first, the chromatic 
deviation of the final direction of the near path (A, В), г, from that given final direction ; second, 
the deviation of curvature of the final direction of (А, B;),; third, the final deviation of the path 
(A, Bs),, to be determined by the theory of the final guiding paraboloid; and fourth, the 
deviation of the final direction of (45, B),, to be found by the theory of the guiding planes and 
conjugate guiding axes. А similar composition of four partial deviations is required for the 
determination of the initial direction of the same arbitrary near path (A’, B’),+5,. 


Now to compound in a geometrical manner the four preceding partial deviations of the final 
ray-line, we may proceed as follows. We may construct each partial deviation, by drawing the 
deviated final ray-line corresponding, or a line parallel thereto, through the given final point В; 
the line thus drawn will differ little in direction from the given final ray-line or axis of z, and if 
we take its length equal to unity, then its small projection on the given final plane of zy, to 
which it is nearly perpendicular, will measure the magnitude and will indicate the direction of 
the deviation: and if we compound all these projections according to the usual geometrical rule 
of composition of forces, the result will be the projection of the equal line which represents in 


www.rcin.org.pl 


20] IV. THIRD SUPPLEMENT 255 


direction the resultant or total deviation. And similarly we may compound the four partial 
deviations of a near initial ray-line. 


The geometrical synthesis of the partial deviations may also be performed in other ways. For 
example, we may consider each partial deviation as arising from a partial or component rotation, 
and we may compound these several rotations by the geometrical methods proper for such 
composition. 

In particular, we may compound the final deviation of curvature with any of the other partial 
deviations, by making the deviated ray-line, obtained without considering the final curvature of 
the ray, revolve through an infinitely small angle round the axis of final curvature, that is, round 
the axis of the final osculating circle of the given final ray. By this rotation, the projection Bs 
of a near final point B’ on the final perpendicular plane, will be brought into the position B’; and, 
by the same rotation, the near final ray-line, which had been obtained by abstracting from the final 
curvature, and by considering B; as the final point, will be brought, at the same time, into the 
position of the sought ray-line, which corresponds to a final point at B’. 


Applying now these general principles to the particular question respecting the condition of 
intersection of two near final ray-lines, from two near final points B, B', (the colour x and the initial 
point A being considered as common and given,) we see that if the projection Bs of B’ be given, 
the small projecting perpendicular B'B or 22 and therefore also the near point B’ itself may in 
general be determined so as to satisfy the condition of intersection: for the final ray-line from 
B; may in general be brought to intersect the given final ray-line, by revolving through an 
infinitesimal angle round the axis of curvature of the given final ray. We see also that the 
angular quantity of rotation and therefore the length 8z = BB’ depends on the position of the 
projection Bs, that is, on the coordinates da, бу; and therefore that there must be some 
determined surface as the locus of the near final point B’, when the final ray-line from that point 
is supposed to intersect the given final ray-line. 


To investigate the form of this locus, by the help of the foregoing geometrical conceptions, 
we may observe that the only point, on the near ray-line from Bs, which.is brought by the 
supposed rotation to meet the given final ray-line, is the point contained in the final plane of 
curvature of the given final ray; and that if we call this point, where the ray-line from Bs 
intersects the given plane of curvature, the point P, the angle of rotation required is the angle 
between the line ВР and the given final ray-line; because the same infinitesimal rotation which 
brings the near ray-line from Bs, that is, the line BsP, into a new position in which it intersects 
the given final ray-line, brings also the line BP into the position of the given final ray-line itself. 
Translating now these geometrical results into algebraical language, and taking the given final 
plane of curvature for the plane of 22, so as to satisfy the condition (R°), we find the following 
coordinates of the point Р of intersection of this plane of curvature with the ray-line (V9) from Bs, 


да ёа 
LAC: s) n 
p FNE IF y=0; = 3 Үз : (QV) 
s OF + poly Sent ye ow 


so that the angle between the line BP which connects this point with the origin of coordinates, 
and the given final ray-line or axis of z, is 


80 = (- - =); y „òs (£ д2 + b y) - (8 da + i ày); (Хи) 
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and this being equal to the infinitesimal angle of rotation, that is, to the small line 8z or BB’ 


multiplied by S or by the final curvature of the given ray taken with its proper sign, we have the 
following equation for the locus of the near point B’, when the condition of intersection is to be 
satisfied, 

da 88 68 бо, ёа X. " 

< 8 = р 8 (52 bo er y) - (25 Sa a уубу): (Yu) 
which is, accordingly, the equation of the former conical locus (R!4) only simplified by the 


condition (R!5), arising from a choice of coordinates. Without making that choice, we might 
easily have deduced in a similar manner the equation (R*+), under the form 


д2 (E òs + < ee by) — бу (2 бш + < S by) 
Бе Mw бу ба бу (2м) 
аи mE | 
52 У Bz 


іп which each member is an expression for the infinitesimal angle of rotation divided by the 
curvature of the ray. | 

Another way of applying the foregoing geometrical principles to investigate the condition of 
intersection of two near final ray-lines, is to consider the infinitesimal angle by which the ray-line 
from Bs deviates from the plane containing the given final ray-line and the near point Bs. This 
angular deviation is expressed by the numerator of the fraction (21), divided by òl, that is, 
divided by the small line BB;; and the denominator of the same fraction (2/4), divided also by ôl, 
is equal to the final curvature of the ray multiplied by the sine of the inclination of the line êl 
to the radius of this final curvature: and hence it is easy to see, by geometrical considerations, 
that the fraction in the second member of (714) is equal to the infinitesimal angle of rotation 
required for destroying the last mentioned deviation, divided by the curvature of the ray, and 
therefore equal to the ordinate бг of the sought locus of the near point B’, as expressed by the 
first member. We might therefore easily have obtained, by calculations founded on this other 
geometrical view, the same condition of intersection as before, and the same conical locus. 


Relations between the Elements of Arrangement, depending only on the Extreme 
Points, Directions, and Colour of a Given Luminous Path, and on the Extreme 
Media. In a Final Uniform Medium, Ordinary or Extraordinary, the two 
Planes of Vergency are Conjugate Planes of Deflexure of any Surface of a 
certain class determined by the Final Medium; and also of a certain Analogous 
Surface determined by the whole combination. Retations between the Visible 
Magnitudes and Distortions of any two small objects viewed. from each other 
through any Optical Combination. Interchangeable Eye-axes and Object-axes 
of Distortion. Planes of No Distortion. 

21. It was shown in the fourteenth number, and the result has since been developed in detail, 
that the general geometrical relations between the extreme directions of infinitely near rays are 


determined by the coefficients of the linear variations da, 58, dy, da’, 58’, Sy’, of the six marks 
of extreme direction, considered as functions of the six extreme co-ordinates and of the colour; 
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and that, between the forty-two general coefficients of these six linear variations, there exist 
eighteen general relations, leaving only twenty-four coefficients arbitrary, if we suppose for sim- 
plicity that the final and initial coordinates are referred to rectangular axes. But besides these 
eighteen general relations which are common to all optical combinations, there arise certain other 
relations between the coefficients, when the extreme media are considered as given, and when 
the extreme points, directions, and colour, of any one luminous path, are also supposed to be 
known. For,if we then employ the general equations (A9), we may consider the extreme medium 
functions v, v', and their partial differentials, as known, and may deduce general expressions for 
the coefficients before mentioned of the linear variations of the extreme cosines of direction, 
involving only, as unknown quantities, twenty-seven partial differentials of the second order of 
the characteristic function V, namely, all of this order, which are not relative to the variation of 
colour only; but these twenty-seven are connected by the fourteen general relations (Q) (U) (X) 
(Y), deduced in the third number, of which however only thirteen are distinct, because the two 
systems (U) (Y) conduct both to one common equation (D); there remain, therefore, as indepen- 
dent quantities, only fourteen of the partial differentials of V, in the general expressions of those 
twenty-four coefficients of the linear variations of the extreme direction-cosines, which had before 
been considered as independent, when the extreme medium-functions v, v' were supposed unknown 
and arbitrary: and if we eliminate the fourteen independent differentials of У between the 
expressions of these twenty-four coefficients, we shall obtain ten general relations, between the 
elements of arrangement of infinitely near rays, involving only the extreme points, directions, and 
colour, of the given luminous path, and the properties of the extreme media. 

The simplest manner of obtaining these ten general relations is to eliminate the fourteen 
differentials of V which enter into the twenty-four expressions, deducible from (C?), from the 
twenty-four coefficients (D°). The ten relations thus obtained, may be arranged in three different 
groupes: the first groupe containing the two following 

òw да 6% 8 8% ё 
Бой dz t ба885е t T шг; 
òv бе | 8% 58 | sy" 
$58 52 * 88° 82 + 555 БШ 
and two others similar to these, but with accented or initial ML the second groupe con- 
taining the final relation 
Svda | 6% 8 8% 8% да 0 68 


(А?) 


Заз бу + $а58$у ' Saby ~ е5 50 5p ia t Sade ур, 
and a similar initial relation; and the third groupe comprising the four following, 
бо da ov DB, Stu! ба' | 62, 8g _ 
дода  бабёб3д@ + 7 ba +2 ба 6B' 8a 
Sv ba a dy 6B | ^y бе 97, 5p’ en 
бо? бу' + 5088 ду + Bg $8' ба tsp ET 
15 
Pv ба 8 58 | Bh’ bal Y 887 с) 
$88 Sa’ 58584 ба?%бу б@88 Фу _ 
A NL ly OB M dy’ да EM 88 adi 
6a688y 88° ôy’ aa 68' by + 3,7 sy 
HMP К 33 
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The two first relations of the first groupe, namely, the equations (A1), are equivalent to the 
two first differential equations (O) of a curved ray, and express that the magnitude and plane of 
final curvature of а luminous path, in a final variable medium, are determined, in general, by the 
properties of that medium, the colour of the light, the position of the final point, and the direction 
of the final tangent. And the two other relations of the same groupe express, in like manner, а, 
dependence of the initial magnitude and plane of curvature of a luminous path, on the initial 
medium, colour, point, and tangent. 

The equation (B!5), belonging to the second groupe, is a relation between the four coefficients 
51 M А р ^ £ , and therefore a relation between the guiding paraboloid and constant of deviation 
for the final ray-lines, depending on the final medium, colour, point, and tangent. And similarly 
the other equation of the second groupe expresses an analogous relation for the initial medium. 

In the extensive case of a final uniform medium, the equation (B*) reduces itself to the 


following, 


0 д2 да 8% (E Sa) òw 58. (Dis) 


= Sat dy 5а58 \8y Bu) BP _ 

and, in the same case, the general conical locus of the second degree (R**), connected with the 
condition of intersection of the final ray-lines, reduces itself to two real or imaginary planes of 
vergency, represented by the quadratic 


_ba,,, (Sa 9B 68 i 

0= 55 by + (5 3) 808 - 30 ай, (Ез) 
and coinciding with the two planes of vergency considered in the sixteenth number: attending 
therefore to (С?З), the relation (D) may be geometrically enunciated by saying, that in a final 
uniform medium the two planes of vergency are conjugate planes of deflezure of any surface of a 
certain class determined by the nature of the medium, namely, that class for which, at the origin 


of coordinates, А 5 52 8 8 8 
2s _ ôw АЙ % Ж, б 5 
ba? Sa?” Bwy бабй' 5p ^ ipe м, 


and therefore nearly, for points near to this origin, 


M OS a 6% ò? 
z= pz qy +3 (2 а 929 эса V уда), (G5) 


the given final ray or axis of 2 being taken as the axis of deflexion, and the constants p, 9, А, being 
arbitrary. This relation may be stillfarther simplified, by choosing the arbitrary constants as 


follows, 
1 д0 1 д0 1 (Hi5) 


P= ~ 8a’ 170958) "cx 


Z being any constant ordinate; for then, (by the theory of the characteristic function V for a 
single uniform medium, which was given in the tenth number,) the surface (G!5) acquires а simple 
optical property, and becomes, in the final uniform medium, the approximate locus of the points 


2, Y, 2, for which 


V= [ vds = vp = const., (15) 
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the integral V, = [vds being taken here, in the positive direction, along the variable line p, from 
the fixed point 0, 0, Z, to the variable point æ, у, 2, or from the latter to the former, according as 
Z is negative or positive. And though the equation (025) is only an approximate representation 
of the medium-surface (125), which was called in the First Supplement a spheroid of constant 
action, and which is in the undulatory theory a curved wave propagated from or to a point in the final 
medium, yet since the equation (G") gives a correct development of the ordinate 2 of this surface 
as far as terms of the second dimension inclusive, when the constants are determined by (H^) 
the conclusion respecting the deflexures applies rigorously to the surface (I5); and the two planes 
of vergency (E5), in a final uniform medium, are conjugate planes of deflexure of the spheroid or 
wave (115). We shall soon resume this result, and endeavour to illustrate and extend it. In the 
mean time we may remark that the same planes of vergency (E) are also conjugate planes of 
deflexure of a certain analogous surface, determined by the whole combination,* and not merely 
by the final uniform medium, namely, the surface (D!9), for which 


[ vds (= V) = const., (E) 


the integral being here extended to the whole luminous path, and being therefore equal to the 
characteristic function V of the whole optical combination; an additional property of the planes 
of vergency, which is proved by the following relation, analogous to (D'^) and deducible from 
(C°) or (G°), 
ду да SV (68 до O*V68 T 
= ga By t Body (by ~ Bu) M а”) 
Finally, with respect to the four remaining equations, of the third groupe (C™), it is evident 
that they express certain general relations depending on the extreme media, between the coeffi- 
cients which determine the guiding planes and conjugate guiding axes, for the final and initial 
ray-lines, . In the extensive case of extreme ordinary media, they reduce themselves to the four 
following, which may also be deduced from (F*), 


ёа да | ba BB 
Mey te $579 м +H 15 "0 pu 
A b og! Вав | 
P Sa! oy” By A "Жр 


p, ш being the indices of the media; and they conduct to some simple conclusions, respecting the 
general relations between the visible magnitudes and distortions of a small plane object, placed 
alternately at each end of any given luminous path, and viewed from the other end, through any 
ordinary or extraordinary combination: at least so far as we suppose these distortions and magni- 
tudes to be measured by the shape and size of the initial and final ray-cones.t For then the 
conjugate guiding axes, initial and final, perpendicular to the given path at its extremities, and 
determined in the fifteenth number, may be calied the eye-awes and object-axes of distortion, for — 


* [The initial point being supposed given. ] 

+ [The optical theory here developed is a first-order theory, and the “distortion” described has nothing to do 
with the modern use of the word “distortion” in the theory of aberrations, We may here suppose the pupil of 
the eye reduced to a point, so that only one ray from each object point can enter.] 


33-2 
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a small object placed in the final perpendicular plane, and viewed from the initial point; and if 
we take these for the axes of initial and final coordinates, so as to have, by (X19) (Үз), 
да’ 68' 68' ba’ op 
0, = by > 0, $m > Зу ; 
we shall then have also, by (М25), (the extreme media being supposed ordinary, and their indices 


p, p. positive,) i А 

да _ 08" 68 a В . 15 

ТО, 57 = 9 mgr т у? UE N5) 
that is, in this case, the guiding axes for the initial ray-lines are also the guiding axes of the same 
kind for the final ray-lines measured backward ; which is already a remarkable relation, and may 
be enunciated by saying that the eye-awes and object-axes of distortion are interchangeable, when 
the extreme media are ordinary: that is, for such extreme media, the eye-a«es of distortion become 
object-a«es, and the object-ames become eye-axes, when the object is removed from the final to the 
initial perpendicular plane, and is viewed from the final instead of the initial point. And while 


the equations of the fifteenth number, 
Pe) cy да J^ tot 868 11 
a! = 2' у— ёл, y = 2 Sy 9^ (A5) 
represent the initial visual ray-line corresponding to a final visible point B’ which has for co- 
ordinates dx, dy, д2, the following other equations, 
more у=—#.— — by’, (OP) 


will represent by (M*) the final visual ray-line corresponding to an initial visible point A’ which 
has for coordinates dz’, dy’, 02 ; the initial visual ray-cone corresponding to any small object 


бу = f (ёа) (ол) 
in the final perpendicular plane is therefore represented by the equation 
TOT, 
z ( бу =/ z $, £ E (H ) 
and the final visual ray-cone corresponding to any small object 
бу' =f" (82) (РӘ) 
in the initial perpendicular plane is represented by the following analogous equation 
By ey" = '(-25 (2) ); 15 
zp (5 LA гш NOx à (9%) 


if therefore these two small objects, (О!) (Р!5), at the ends of a given luminous path, be equal 
and similar and similarly placed with respect to the conjugate axes of distortion, that is, if the 
final and initial functions f, f" be the same, and if we cut the two ray-cones (Н!) (Q) respectively 
by perpendicular planes having for equations 
2 =ш Е, z-—yR, (R35) 
in which EK is any constant length, while џи, ш’ are the same constant indices as before of the 
extreme ordinary media, the two perpendicular sections thus obtained will be equal and similar 
to each other; and if, besides, we put, by (Y°), 
68' да 


by = Sa сов. @, (8:5) 
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(G being by (ЕЧ) the inclination of an initial guiding plane to the plane perpendicular to the 
given initial ray-line,) and determine also the arbitrary quantity R as follows, 


1 (69 1/8a\- 
Bep az) "= Др)" ia 
the perpendicular sections of the initial and final ray-cones may then be represented as follows, 
, , qe беу 15 
у = сов. @. f(a’), 2 = (5) М (ОЎ) 
and 
бег i 
y = соз. @. f(a), z= (2) - СҮ”) 


the visible distortions therefore, depending on the inclination G, are the sume for any two small 
equal objects, thus perpendicularly and similarly placed at the ends of any given luminous path, 
and viewed from each other along that path, through any optical combination. 

The distortion here considered will in general change, if the object at either end of the given 
luminous path be made to revolve in the perpendicular plane at that end, so as to change its 
position with respect to the axes of distortion. For example, if the object be a small right-angled 
triangle in the final perpendicular plane, having the summit of the right angle at the given final 
point B of the path, we know, by the theory given in the fifteenth number, that the right angle 
will appear right to an eye placed at the initial point A, when the rectangular directions of its 
sides фу, $»', coincide with those of the final guiding axes, or object-axes of distortion; but that 
otherwise the right angle фә» — фу will appear acute or obtuse, its apparent magnitude d, — d; 


being determined by the formula * Bane apne 
(8) –(8у) 


— tan. (4-41-73) AEI menn З, 
ba By 


( Ww) 


which may, by (515), be reduced to the following, 
— tan. ($: пузи 3) = j sin. G . tan. G . sin. 2¢y’. (X25) 


The law of change of the distortion, corresponding to a rotation in the final perpendicular plane, 
may also be deduced from the theory of the guiding planes, explained in the fifteenth number. 


The distortion will also change if the small plane object be removed into an oblique instead 
of a perpendicular plane. In this case we may still employ the equations (А!) (O”) for the initial 
and final ray-lines, and may still represent the initial and final ray-cones by the equations (Ни) 
(Q5); but we are now to consider the equations (О) (P!5), for the final and initial objects, as 
representing the projections of those objects on the extreme perpendicular planes; or rather the 
projecting cylinders, which contain the objects, and which determine their visible magnitudes 
and distortions, by determining the connected ray-cones. For example, the equation (CU) may 
be considered as representing a final elliptic cylinder, of which any section near the final point 
В of the given luminous path will correspond to an initial circular ray-cone (ВЧ), and will there- 
fore appear a circle to an eye placed at the initial point А; while on the other hand we may 


* [фү, фә here correspond to the final system, which is not in accordance with Hamilton's usual convention. 
To bring this work into accord with that convention, in this paragraph for $i, фа, Pr, фә read ф,, фә, py, фә 
respectively, and delete the initial minus signs in (W!5) and (X15). Equation (T!9) is to be employed.] 
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regard the equation (D) as representing a final circular cylinder, such that any section of this 
cylinder, near the final point B, will give an initial elliptic ray-cone (E!!), and will appear an 
ellipse at 4. And as the elliptic ray-cone (E!!) conducted, by its cireular sections, to the guiding 
planes (ЕЧ) for the initial ray-lines, so, for small plane final objects, the planes 


z= + g tan. G, (Үл) 


namely, by (S55) the planes of circular section of the elliptic cylinder (OU), are planes of no 
distortion; in such a manner that not only, by what has been said, the circular sections themselves 
in these two planes appear each circular, but every other small final object in either of the same 
two planes appears with its proper shape to an eye placed at the initial point A of the given 
luminous path; the angular magnitude of the final object thus placed, being the same as if it 
were viewed perpendicularly by straight rays, without any refracting or reflecting surface or 


^ 
medium interposed, from a final distance — (2) . In like manner, the planes 
z = t 2 tan. G, (725) 


which are the planes of circular section of an analogous initial elliptic cylinder, are initial planes 
of no distortion, of the same kind as the final planes (Ү?5); since any small initial object, placed 
in either of these two initial planes (2:5), and viewed from the final point В of the given luminous 
path, will appear with its proper shape, and with the same angular magnitude as if it were viewed 
directly from an initial distance = — (28) sia A (85) м 
ду ш \бу 

This theory of the planes of no distortion gives а simple determination of the visible shape 
and size of any small object placed in any manner near either end of a given luminous path; since 
we have only to project the object on one of the two planes of no distortion at that end, by lines 
parallel to the corresponding extreme direction of the path, and then to suppose this projection 
viewed directly from a final or initial distance determined as above. We might, for example, 
deduce from this theory the property of the guiding planes, the circular and elliptic appearances 
(ВЧ) (EX) of the ellipse and circle (C!) (D"), and the acute or obtuse appearance (X7?) of a right 
angle in the final perpendicular plane, when the directions of the sides of this angle are different 
from those of the object-axes of distortion. And the relations (M35) for extreme ordinary media 
may be expressed by the following theorems: first, that the angle (2G) between the final pair of 
planes of no distortion (ҮЗ), is equal to that between the initial pair (Z); second, the visible 
angular magnitudes of any small and equal linear objects in final and initial planes of no distor- 
tion, are proportional to the indices of the final and initial media, when the objects are viewed 
along a given luminous path, from the initial and final points; and third, the two intersection-lines 
of the two pairs of planes of no distortion coincide each with the visible direction of the other, when 
viewed along the path. 


Calculation of the Elements of Arrangement, for Arbitrary Axes of Coordinates. 


22. In the foregoing formule for the elements of arrangement of near rays, we have chosen 
for simplicity the final and initial points of a given luminous path, as the respective origins of 
two sets of rectangular coordinates, final and initial, and we have made the final and initial ray- 
lines, or tangents to the given path, the axes of z and 2'; a choice of coordinates which had the 
convenience of reducing to zero eighteen of the forty-two general coefficients in the expressions 
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of бе, 58, dy, da’, ÒB’, Sy’, as linear functions of da, dy, 82, da’, dy’, dz’, ду. The twenty-four 
remaining coefficients (D°) may however be easily deduced, by the methods already established, 
and by the partial differential coefficients of the characteristic and related functions, from other 
systems of final and initial coordinates, for example, from any other rectangular sets of final and 
initial axes. 


In effecting this deduction, it will be useful to distinguish by lower accents the particular 
coordinates and cosines of direction, which enter into the expressions (П), and are referred to 
particular axes of the kind already described; and then we may connect these particular coordinates 
and cosines with the more general analogous quantities 2, y, 2, 2', y', 2’, a, B, у, с, 8', у’, by the 
formule of transformation given in the thirteenth number, which may easily be shown to extend 
to the case of two distinct rectangular sets of given or unaccented coordinates. In this manner 
the axes of z, and z,’, considered in the thirteenth number, become the final and initial ray-lines, 
and we have, by (A5), 


ÒL = az da, + ary ÖY, + а 8z,, 
бу = уа, дл, + уу,бу, + 88, 
д2 = г„ da, + 2, dy, + y 02, 


A16 
ba! = a, Un, +a’, dy) +a Oz, (a39) 
Фу = у ‚да, + y'y 9y, + 8' 82,, 
67 = 2’, bu, +2'y, dy) t y 82,, 
because 
2, =A, =B, 2, =y, 
So Ronee ы Ri | (B) 
$2:—G, у 2, = В » & „шү, 
we have also 
we: Win uL uw | (Qv) 
c, =0, 8, =0, wi =1, by, = 0, 


and therefore, by (ЕВ), 

да = £, да, + 8y, 88,5 да = ада, + v, dB,’ ; 

ÒB = y, 9a, у,,88,; В = ада, +7 ‚8, ; (рз) 

Sy = 2, Ôa, + 2, 88,; бү =2' „да, +2',, 68, ; 
and substituting these values (A!) (01) for the twelve variations дл, dy, 22, da’, dy’, 82’, da, 5B, 
Sy, 5a’, 88’, dy’, in the general linear relations (A?) between these twelve variations and the 
variation of colour ôy, or in any other linear relations of the same kind, deduced from the 
characteristic and related functions, and referred to arbitrary rectangular coordinates, we shall 
easily discover the particular dependence, of the form (D°), of à, 08, , on 8a,, dy,, дг,, 8a,', ду,, 
dy, and of 8а,, 88/, on ба,, dy,, ба, , dy)’, 2, , dx. 


We seem, by this transformation, to introduce twelve arbitrary cosines or coefficients, namely, 
, , , , , А 
Ua, Yæ,» Zæ,» Vy,» Уу» 7y Cass Yat 22, Фу, Уу,» “уу; 


but these twelve coefficients are connected by ten relations, arising from the rectangularity of 
each of the four sets of coordinates, and from the given directions of the semiaxes of z, and 2,; 
so that there remain only two arbitrary quantities, corresponding to the arbitrary planes of а, z,, 
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v, Z,, of which planes we often, lately, disposed at pleasure, so as to make them coincide with 
certain given planes of curvature, or otherwise to simplify the recent geometrical discussions. 
Thus, although we may assign to the semiaxis of z, any position in the given final plane perpen- 
dicular to the luminous path, and therefore may assign to its cosines of direction, xz, Yæ,, 22, 
any values consistent with the first equation (B5), namely, 


Ly” * yz? ig 25? = 1, 
and with the following 
City, + BYx, + уга, = 0, (E^) 
yet when the axis of z, has been so assumed, the perpendicular axis of y, in the final perpendicular 
plane is determined, and we have 

Ly, = + (Bzz, т (уух, ), 
Yy, = X (уз, — 025), (m 
2y = + (шул, s Baz), 


the upper or lower signs being here obliged to accompany each other: and similarly for the 
initial axes of a,’ and y/'. 

The characteristic and related functions give immediately, by their partial differentials of 
the first order, the dependence of the quantities which we have denoted by о, т, v, с’, т’, v’, 
rather than that of a, В, у, a, В', у’, on the extreme coordinates and the colour; and therefore 
the same functions give immediately, by their partial differentials of the second order, the 
variations де, дт, du, do’, дт’, du’, rather than де, 8/8, dy, da’, 58’, Sy’, in terms of д2, dy, дг, dz’, 
dy’, 02, dy. But we can easily deduce the variations of a, B, y, a’, B', у, from those of 
c, T, V, 0, T , V, and of a, y, 2, a, y', 2’, x, by differentiating the relations 


_ 80 ED _ v 
dias 7L "o ШИЙ H 


шу BER. „ш ME. y, i 
с = ba’? $ ~ 88" v ~ Sy"? 


which have often been employed already in the present Supplement; for thus we obtain 


sa де a+ opa 88 gay; 5, oY = 80 - 5,59. | 

Ei" } diis P TUE 5, эр, 

к b + ду 58 + 7 pis ra уе " 
Dale ego HOT 
безге + г аА: bi - aH 

д2 82, bu’ 


55у жутуу да + 5957 88 + by y = -M NI 
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ò, referring, as in former numbers, to the variations of 2, y, 2, y, and 8’ to those of a", y’, z', x: 
and hence we have, by some symmetric eliminations,* 


vba = (52+ =) (80-8, 5°) - seg (5r - à, 55) ai (8v - 5, 5) | 
эв = (524 i =, 58) - agis" — 8,55) - aesa (22 — nis) 

wèy = (S5 +5) (bv —5, hE)- Ea (èo - 8, 52) – Ба ôr — 8, 52), is 
"Ba! = (Ss + P ter бо) ~ Бет (r -e gm) - star (v —®' у) ; 
"зе = (rs + Bae) (87 2 ae) - еа (ev — 3°) - rig (0—0 Зе), 

ew Qo Boo - r2) - o бе - n) n - n) 


trr 


v" having the meaning (L5), апа v'" the analogous meaning 


gia BM e y NIU (CN NUS (CY qe 
~ 66% 58° Moa 58" 6828y* 68'5y ду? 60a? \буб@ 

We might also deduce the variations of a, 6, y, a’, В’, у, from those of о, т, v, с’, т, и, 

v, Y, 2, &, у, Z , x, by differentiating the equations (I) of the second number, and by employing 

the functions О, 0’, instead of v, v’ 


The general Linear Expressions for the Arrangement of Near Rays, fail at a 
Point of Vergency. Determination of these Points, and of their Loci, the 
Caustic Surfaces, in a Straight or Curved System, by the Methods of the 
present Supplement. 


23. We have hitherto supposed that the infinitesimal or limiting expressions of the varia- 
tions of the extreme cosines of direction of a luminous path are linear functions of the variations . 
of the extreme coordinates and colour. But although this supposition is in general true, it 
admits of an important and extensive exception ; for the linear form becomes inapplicable when 
the given luminous path (A, B),, with which other near paths are to be compared, is intersected 
in its initial and final points A, B, by another path infinitely near, and having the same colour 
x: since then the extreme directions may undergo certain infinitesimal variations, while the 
extreme positions A, B, and the colour y, remain unaltered. It is therefore an important general 
problem of mathematical optics, to determine, for any proposed optical combination, the relations 
between the extreme coordinates and the colour of a luminous path which 18 intersected in its 
extreme points by another infinitely néar path of the same colour. This general problem, of which 
the solution includes the general theory of the caustic surfaces touched by the straight or 
curved rays of any proposed optical system, may easily be resolved by the methods of the present 
Supplement. 

* [Using ада+8д8+уду=0, a'8a' 4-888 +y 9 =0.] 


HMP > 34 
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In applying these methods to the present question, we are to differentiate the general 
equations which connect the extreme directions with the extreme positions and colour, by the 
partial differential coefficients of the first order of the characteristic and related functions, and 
then to suppress the variations of 2, y, 2, x, y’, 2’, x. And of the partial differential coefficients 
of the second order, introduced by such differentiation, it is easy to see by (A?) that those of the 
characteristic function V, or at least some of them, are infinite in the present research: it is 
therefore advantageous here to employ one of the auxiliary functions W, 7’, combined if necessary 
with the functions v, v', or О, 0’, which express by their form the properties of the extreme 
media. 

Thus, when the final medium is uniform, and therefore the final rays straight, we may 
conveniently employ the following equations, which involve the coefficients of the functions W, 
О, and were established in the sixth number, 

W 60 èW 60 ò W 80 


ЖК "bd pur d adi ГЕ; 


Differentiating these equations with respect to c, 7, v, as the only variables, and suppressing the 
variation of the first order of V, as well as those of a, у, z, a’, у, 2’, x, we obtain 


o- (51 +7 Ба (ту ee) art (eet? $5.) 9v 


(W°) 


да? 6 2 до дт 6c дт hy б беду 
_ (Т e?Q e» 0 ey 00, “ 
0 (soa + 355) 90 * (Us +V Es ) or t (ss + V sz ) в, (К) 
e e?0 6° e?0 Sw 20, 
о (rss +" sete) 9 rs t Bebe) ort (ae t P Ra) 


and hence; by а symmetric elimination, and by the forms of W, О, 


which is a form of the condition required, for the final and initial intersections of two near 
luminous paths, of any common colour, the final medium being uniform. The condition (146) is 
quadratic with respect to V, and determines, for any final system of straight rays, corresponding 
to any given luminous or initial point A, and to any given colour y, two real or imaginary 
points of vergency Bı, Вз, on any one straight final ray, that is, two points in which this ray is 
intersected by infinitely near rays of the same final system; and the joint equation in a, y, 2, 
(involving also a’, y’, 2’, y, as parameters,) of the two caustic surfaces which are touched by all 
the final rays and are the loci of the points of vergency, may be obtained by eliminating c, т, v, 
between the equations (W?) and the quadratic (L18): which quadratic, by the homogeneity of 
the functions W and О +1, may be put under the following simpler form, 
(Gar xa) (57 $a) (Ф W &0, ) 0 


hit! s) anl, sacienttee mm 
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and admits of several other transformations. When V has either of the two values determined 
by this quadratic, that is, when the final point В of the luminous path has any position B, or By 
on either of the two caustic surfaces, then the equations deduced from (W?) by differentiating 
with respect to a, y, 2, as well as о, т, v, namely, 


50—50 (ras ry +082) =8 9 + VES, 

6 
ду — " (ba riy оде) = =o + eres х (N15) 
3; — DP (obs cby + vio) = -35U ya $2, 


conduct to a linear relation between д2, 8y, д2, which may be put under several forms, for 
example under the following, 


х {be — 20 (oz + тду + "я = {by — h (oda + rdy + và) 


=» |: – 9 -$2 (ba + by + vào), (0%) 
in which we may assign to №, №, №, any of the following systems of values, 
Fit x- Ly PO, ve EYE, wee tee) 
Second n= 0 4 ЕК A = uu +V e Nee + yo. (Ри) 


and it is easy to see that the linear relation thus deduced, between 6a, dy, д2, is the differential 
equation, or equation of the tangent plane, of the caustic surface at the point of vergency a, y, 2. 
The same linear equation represents also the plane of vergency, or the tangent plane to the 
developable pencil of straight rays, corresponding to the other or conjugate point of vergency on . 
the given final ray. 


When the final medium is variable, the three first equations (H^), namely, 


п  8W . 8W 


тү? 


weet Oe? 
are to be differentiated with respect to с, т, v; and thus we obtain 
eu ду eu 


$e 80 +5. 87 PY жыды, 

BW. BW. W 

$e 508707 + рз ЭТ x 8v — 0, (Q16) 
BW. BW. RW 

Sosu 99 tarso OT + ma TO 


34-2 
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and consequently, by elimination, 


eyewew W 221 oy 9oW,;Ww? SW/S2W\? 9?wy,;9ewye 
(&:$;) ser (soc) ev (4 (BM) 


this equation, therefore, (which may be put under other forms,) takes the place, when the final 
medium is variable, of the quadratic (12%) for a final uniform medium; and if we eliminate from 
it c, т, v, by (H^), it will give, for any proposed initial point and colour, the equation of the 
single or multiple caustic surface, touched by the curved rays of the corresponding final system. 


802 87? Bv * дос дт rdv uðs да? 


The auxiliary function T may also be employed for the case of curved rays, but it is chiefly 
useful when both the extreme media are uniform. In that case the extreme portions of а 
luminous path are straight, and we may employ for these extreme straight portions the 
equations (S?) under the form 


88 on ШУ, 28 f 8S 
8c" у = =, x ME y ius ru (S5) 


in which we have put, for abridgment,* 
S=T-z2+2'v’, (Т) 


and in which we consider v as a function of c, т, у; у as a function of c, 7’, у; T as a function 
of c, т, o’, 7’, x; and S as a function of z, 2, о, т, с’, 7', x. Differentiating these equations (516) 
with respect to c, т, c", 7', we find that if the extreme straight portions, ordinary or extraordinary, 
of two infinitely near paths of light of the same colour, intersect in an initial point a’, y’, z’, and 
in a final point 2, y, 2, the final and initial variations бе, 87, 80’, 57’, and the final and initial 
ordinates of intersection 2, 2’, must satisfy the four following conditions, 


829 T BS., B8 
es 90 + PS Т рр 7 m 


e 228 928 j PS 2 
ш АМЫ о ДШ guide ora Pr 
028 eS eS NS v 


т” ôs òo” "Pn тда! or + ôg’? бо' + до'дт' т, 


838 6° 9 PUN КИК MM ck 
и > УЖК Ree T Rabe LUIS" i 
which give, by eliminating between the two first, 


SS, ES PS 8 Ff ind es &S as es E «(S3 es os es Sr: 

(5527 бтёт ёсёт br ba’) ^^ 7 pe csr 802 8ётёт/ ^ 7? оёт ^ 8c8r i) dis vis 
| 1 

BS 28 528 zb ; (2% BS 925 sg " ds BS sg sg je; (У) 


Sada’ бтёт' 807 87807) ^ \ 502 8тбс' Go 


0c? дтдс додтдсдс' 


0 = бт, 


0 
(02) 


8а т тдо7 бт? Baba" 


* [S is а generalisation of U, defined on p. 148. If we draw through the points (0, 0, 2), (0, 0, г) planes 
whose normals are in the directions о’ : ' : v, с : r :v respectively, and if these planes cut the initial and final rays 


in Р Q respectively, then —S= | Pd] 
P 
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and therefore, by substituting these values of do’, òr’, in the two last, 


Om bo | ES qaa 8 26 m es ла. ss ё8 „ү 


БЕР Т ЖЕРЕ) " body V Se" Broa” Sadr 50807 


PS (эв юв BS, эв 
T 00 òo” fae бтбёт бтсёт дтдо' 

° ° ° 2 2 2 BS 89 BS 528 
CES (25 &S 028 зур) + mie (ies ) 


ÒT? додт додт дтдт’ 


8g? {ст ÓrT8o т Bada" 


os es es eqs es 


+ 


8c8o' $тбёт Sadr’ 5E 
as es y eg eS 

8e? тда S067 d) 
6°5 ‚(сур 8) ps es ) 


дт дс 


028 &s (ee es SS &s 
7 l8s'$r \Sadr бат? ĝo? рр) + $ e 


+ EE (PE ES, BS PS), Pp ү а bs Pg MS) 
T dasr V ёт° Sadr" Sadr Sr hr’ 01? \бтбт бтёс ÔT? дода 
025 ү 058 OS BUS MS Мда 
M órÓT (32 $тдт Sa dt’ тда" ) (W^) 
so that by a new elimination we obtain, between the final and initial ordinates z, z', the following 


equation, which, by the form of S, is quadratie with respect to each ordinate separately, and 
involves the product of their squares: 


Nea а уа ( eS | болун (so ) (Сур eos &s 928 \? 
B e ÒT? ick) 00207? \да'дт' доа! rêr Scr 553) 
es а ( eu j- 925 25 es (е, 2 
~ 6c"? |80? \Sr Sr’ бет дт до дт’ дтдт' + бт? Sci?) 
es (PS PS PS PS ( PS PS PI FS) PS PS PS 
$о'дт' (ôo? т дс’ дтдт ba 8 Mo 00. rr ёсёт. о) + 6T? бо 8o 8c s 
es fs ( &s ) es &S es sa( eg ү 


+2 


© $т? |802 \бтёс/ ^ 8c br 8a So" bri! * э А жу m | 


When the point of intersection of the infinitely near initial rays removes to an infinite distance, 
this equation reduces itself to the following, 


"- Ea i (ox) 


ST дл (FT y e y \? 

- ($2 7754) (уз 7783) - (525: ^ aces) Y (Y) 
and when in like manner the two infinitely near final rays become parallel, it gives the following 
quadratic to determine the two corresponding positions of the point of initial intersection, 

әз #8 (Sy 
òo’? дт? \до' дт 
(En , su) (27 SA) ( ET uum y 


= (002 * ^ 8s) \бт# + ^ 83) 05057 ^ ^ Ba'bv 


0 = 


(2%) 
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The caustie surfaces of straight systems, ordinary or extraordinary, were determined in the 
First Supplement: but it seemed useful to resume the subject in a more general manner here, 
and to treat it by the new methods of the present memoir. 


Connexion of the Conditions of Initial and Final Intersection of two Near Paths 
of Light, Polygon or Curved, with the Maxima or Minima of the Time or 
Action-Function V+ V, X[vds. Separating Planes, Transition Planes, and 

- Transition, Points, suggested by these Maxima and Minima. The Separating 
Planes divide the Near Points of less from those of greater Action, and they 
contain the Directions of Osculation or Intersection of the Surfaces for which 
V and V, are constant; the Transition Planes touch the Caustic Pencils, and 
the Transition Points are on the Caustic Curves. Extreme Osculating Waves, 
or Action-Surfaces: Law of Osculation. Analogous Theorems for Sudden 
Reflexion or Refraction. : 


24. The conditions of initial and final intersection of two near luminous paths, have a 
remarkable connexion with the maxima and minima of the integral in the law of least action, 
that is, with those of the characteristic function V, or rather with those of the sum of two such 
integrals or functions, which may be investigated in the following manner. 

Let А, B, C, be three successive points, at finite intervals, on one common luminous path. 
Let the rectangular coordinates of these three points be a’, y’, z' for A; æ, y, z for B; and 
x,, Y» 2, for C. Let V(A, B) denote the integral fuds taken from the first point А to the second 
point B; let V (B, C) denote the same integral, taken from the second point B to the third point 
C; and similarly, let V (A, C) be the integral from A to C, which is evidently equal to the sum 
of the two former, 


V(A,O) 2 V(A, B)+ V (B,O), (AT) 
so that, if we put for abridgment 
V(A,B)=V, V(B,O)-V,, (B1) 
we shall have, by the continuity of the integral, 
V(A,O)- ТЕЁ, (C?) 


If we do not suppose that the intermediate point B is a point of sudden reflexion or refraction, 
the final direction of the part (A, B) will coincide with the initial direction of the part (B, C), 
and the final direction-cosines @, 8, y, of the one part will be equal to the initial direction-cosines 
of the other; considering V therefore, as usual, as a function of 5; y, 2, 2, у, 2’, y, and V, as a 
function of z,, y,, 2,, 2, Y, 2, X, we have, by our fundamental formula (A), 


AG A AA ASO ЛЫР. CCR QURE ДЕЕ eM (Dr) 


that is, we have 
dV + 8V,=0, (Ез) 


for any infinitesimal variations of the coordinates a, у, 2, and therefore, to the accuracy of the 
first order, 


V(A,B) -V(B',O) 2 V (A, B + V(B, CO) Y (АЛО), (Е) 
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B' being any new intermediate point infinitely near to B, and the path (B', C) being not in 
general a continuation of the path (A, B’). If therefore we regard the extreme points A, C, as 
fixed, but consider the intermediate point В as variable and as not necessarily situated on the path 
(A, ©), the function V + V,, or E f vds, composed of the two partial and now not necessarily con- 
tinuous integrals (B!?), will acquire what may be called a stationary value, when the paths (A, B) 
(B, О) become continuous, that is, when the intermediate point В takes any position on the path 
(A, C) from one given extreme point to the other: since then the change of this function will be 
infinitely small of the second order, for any infinitely small alteration BB’, of the first order, in 
the position of the point B. The stationary value thus determined, namely, V (A, C), might be 
called, by that customary latitude of expression which leads to the received phrase of least action, 
a maximum or minimum of the function V + V,; but in order that this value should really be 
greater than all the neighbouring values, or less than all, a new condition is necessary. To find 
this new condition, we may observe that the relations 


LE ey ФУ bv ô? oy, ey, ey, 
aa P ast YS5róz da -(« 5 tat +8 say t * Y Es): 


ey e? LU У àv ey, ey, ey, 
а У By -(« у т" ka 158! (у? 
ey ond EE ià BE. Ж e, кеё ey, 
ы} rs rta dy dz TY LN z - (e 6x82 55 "fi 2) 
which result from the third number, give 
ey 02У, * (MV O0, B 
PY + BY, = (Se + e) (Be — 5 80) + (Fa + Gat) (8-5 Be) 
ey 22У, E. m 4 » 
+2 tae RT ЫЕ) ^ T) (èy Р be); | (Нз) 
the condition of existence of а maximum or minimum, properly so called, of the function V + V,, 
is therefore, 
и. OKA (OV, . SY, Ou EV ka 
Q>0, if Q= (s de) on." Sgt) (эы oi]. (Т ) | 
When we have on the contrary 
Q « 0, (К?) 


the variation of the second order êV + ôV, admits of changing sign, in passing from one set of 
values of da, 8y, 8z to another, that is, in passing from one near point B’ to another; and since, 
to the accuracy of the second order, 


V (A, B) + V(B',O) - V(A, O) 2 4 (0*V + 9? V), (Іа?) 
we shall have the one or the other of the twe following opposite inequalities 
V (A, B) + V(B',O)» or < V(A,O), (MT) 


according as the near point B’ is in one or the other pair of opposite diedrate angles formed by 
two separating planes P', P" determined by the following equation 


8V+8V,=0, (NV) 
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which is, by (H'?), quadratic with respect to the ratio 


These two separating planes P', P" contain each the ray-line or element of the path (A, В, О) at 
В; and they divide the near points of less from those of greater action, or those of shorter from 
those of longer time, when the continuous integral V + V,= V (A, C) is not greater than all, or less 
than all, the adjacent values of the sum X f vds. The directions of these planes depend on the 
positions of the points A, B, О; so that if we consider A and В as fixed, but suppose C to move 
along the prolongation (B, C) of the path (А, B), the separating planes P', P", will in general 
revolve about the ray-line at В. They will even become imaginary, when by this motion of C 
the quantity Q becomes > instead of « 0, so as to satisfy the condition of existence of a maximum 
or minimum of the function V + V,; and in this transition from the real to the imaginary state 
the two separating planes P’, P" will close up into one real ИЧРОИ P, determined by 
either of the two following equations, 


_(8V руу а ey г, g 
Ae t PEG, 8, 
0 = seam (èz — - = az) +(-+ 5j + Буз г) (80-5 – bz), 
while the corresponding position of the point О, which we may call by sistas a transition-point,* 
will satisfy the condition 


Q=0, that is, ( 


(О) 


ey Л КД ТӨ ev, eV, OY, 
ba + 5) (s M z)" tas " Жой) Co 

We are now prepared to perceive a remarkable connexion between the transition-planes and 
transition-points to which we have been thus conducted by the consideration of the maxima and 
the minima of the function V + V,, and the condition of final and initial intersection of two near 
luminous paths. For these conditions of intersection may be obtained by supposing that not only 
the point В, having for coordinates z, y, z, is on a given path (A, C), so as to satisfy the equations 
(02), but that also an infinitely near point В’, having for coordinates æ + da, y + dy, z + 82, is on 
another path of the same colour connecting the same extreme points A and C, so as to give the 
differential equations 


eV ду, Бү, ке, A нб, 

бу see E онча i TO T (62) 
and since these last equations may be reduced, by the relations (017), to the forms (О??), we see 
that when the conditions of initial and final intersection of a given path (A, B, C) with a near 
path (A, B’, C) are satisfied, and when we consider the initial point A as fixed, the near inter- 


mediate point B’ must bein a transition-plane Р of the form (О??), and the final point of intersection 


* [Transition-point=conjugate point. (P!) connects the nine coordinates of A, B, C, all lying on one ray. 
A and B being assigned, (P7) determines a finite number of transition-points С on the ray. That these points С 
do not depend on the particular point B selected is shown by the argument connected with (QU). For if A, B, C 
satisfy (P7), then there exists an adjacent unbroken ray connecting A and C ; if we then choose any other point 
B" on the ray ABC, there will exist at B” a displacement which satisfies (QU), namely, any displacement to the 
neighbouring ray. This displacement satisfies (O17); therefore (P) is satisfied by A, В”, C, as well as by А, B, C.] 
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C must be a transition-point of the form (P'?). Continuing therefore to regard the initial point 
A as the fixed origin of a system of luminous paths, polygon or curved, of any common colour, 
which undergo any number of refractions or reflexions, ordinary or extraordinary, and gradual or 
sudden, it is easy to see that we may consider these paths as touching a certain set of caustic 
curves, in the final state of the system, and therefore as grouped into certain sets of consecutively 
intersecting paths, and as having for their loci certain corresponding sets of ray-surfaces, which 
may be called caustic pencils: and that these caustic pencils are touched by the transition-planes 
(Of?) while the transition-points (P) are on the caustic curves, and therefore on their loci the 
caustic surfaces, The transition-points are also evidently the points of consecutive intersection, 
or of vergency, of the luminous paths from A, in the final state of the system. And it is manifest, 
from the foregoing remarks, that these final points of intersection are also transition-points in 
the following other sense, that when the point О, in moving along the prolongation of the path 
(A, B), arrives at any one of these positions of intersection, the condition of existence of maximum 
or minimum of the function V + V, begins or ceases to be satisfied. 

The separating planes P’, P" have, when real, another remarkable property, namely, that of 
containing the directions of mutual osculation, at the point B, of the two action-surfaces or waves 
determined by the equations 

V=const., V,=const.; (Кэ) 
for these equations may be put approximately under the following forms, (when we choose the 
point В for origin and the final direction of the path (А, B) for the positive semiaxis of z, so as 
to have a 20, 8=0, y=1,) 

| o£-prctqyctdne Moi oce i) (Si) 
2,7 ра + qi t ra! + say + tty’, 


in which the coefficients have the following relations, 


ce adi en) 
ô by * baby 
ey, par, 
| 0 = (r, — т) а? + 2 (в, – в) жу + (t, — t) у, (Ur) 
which pass through the given ray-line at the point В, and contain the directions of osculation 
of the second order of the two touching surfaces (R) or (87), are the separating planes (N^), 
We might also characterise these separating planes, or planes of osculation, as containing the 
directions of mutual intersection of the same two touching surfaces for which V and V, are 
constant; or as the planes i in which the deflexures of these two surfaces are equal, the ray-line 
at B being made the axis of deflexion. 

The comparison of the same two waves or action-surfaces (Б!) gives a new property of the 
planes and points of transition; for the equations which determine a plane and point of this kind 
may be put under the form 

(r—r,)a+(s—s,)y=0, (s—s)z-(t—1)y-—0, or, ёр,=ёр, q =q: (VT) 


HMP — 35 


and therefore the planes 
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they express, therefore, that when C is a transition-point, the two surfaces (R/7) touch one another 
not only at the point B, but in the whole extent of an infinitely small are contained in the 
transition-plane. \ 


The point С may be called the focus of ће second wave or action-surface V,, since all the 
corresponding paths of light (B’, C) are supposed to meet in it; and in like manner the point A 
may be called the focus of the first surface V of the same kind, since all the paths (A, B") are 
supposed to diverge from A. The focus A and the point of osculation B remaining fixed, we may 
change the focus C, and thereby the directions of osculation; but there аге, in general, certain 
extreme or limiting positions for the osculating focus C, corresponding to extreme osculating waves 
or action-surfaces V,, and it is easy to show that these extreme osculating foci coincide with the 
transition-points or points of vergency: and that the transition-planes or tangent-planes of the 
caustic pencils contain the directions of such eatreme or limiting osculation. 


These theorems of intersection and osculation include several less general theorems of the 
same kind, assigned in former memoirs. It is easy also to see that they extend to the case when 
the order of the points А, В, C, on a luminous path is different, so that B is not intermediate 
between A and О, and so that the paths (A, В) (A, B’), which go from A to the points В and B’, 
coincide at those points with the paths (C, B) (C, B’), and not with the opposite paths (B, C) 
(B', C), that is, tend from the point C, not to it; observing only that we must then employ the 
difference instead of the sum of the two integrals fvds, or of the two functions V and У,. 


When the point C is ona given straight ray in a given uniform medium, we can easily prove, 
by the theory of the partial differential coefficients of the second order of the characteristic and 
related functions which was explained in former numbers, that the equation (P!”) becomes 
quadratic with respect to z, or V,, and assigns, in general, two real or imaginary positions C4, О, 
for the transition-point, or point of vergency; and that the equations (OY) assign two corre- 
sponding real or imaginary transition-planes P,, P, or tangent planes of caustic pencils. And 
when, besides, the points В, C, are both in one common uniform medium, so that the paths (В, C) 
(B', C) are straight, then each of the caustic pencils, or ray-surfaces, composed of such straight 
paths consecutively intersecting each other and touching one caustic curve, becomes a developable 
pencil, and its tangent plane becomes a plane of vergency, of the kind considered in the sixteenth 
number. The relations also between the two planes of vergency in a final uniform medium, which 
were pointed out in the twenty-first number, may easily be deduced from the present more 
general view and from the recent theorems of osculation; for thus we are led to consider a series 
of waves or action-surfaces V,, similar and similarly placed, and determined in shape but not in 
size or focus by the uniform medium, and then to seek the extreme or limiting surfaces of this 
set which osculate to the given surface V at the given point B; and since it can be shown that 
in general among any series of surfaces, similar and similarly placed, but having arbitrary 
magnitudes, and osculating to a given surface at a given point, there are two extreme osculating 
surfaces, real or imaginary, and that the tangents which mark the two corresponding directions of 
osculation are conjugate tangents (of the kind discovered by M. Dupin) on each surface of the 
osculating series, and also on the given surface, it follows as before that the conjugate planes of 
vergency in a final uniform medium are conjugate planes of deflexure of each medium-surface V,, 
and also of the surface V determined by the whole combination. When the final medium is 
ordinary as well as uniform, then the osculating surfaces V, are spheres, and the directions of 
extreme osculation are the rectangular directions of the lines of curvature on the surface V, which 
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is now perpendicular to the rays; in this case, therefore, and more generally when a given final 
ray in a final uniform medium corresponds to an wmbilical point or point of spheric curvature on the 
medium-surface V,, the planes of vergency cut that surface, and the surface V to which it osculates, 
in two rectangular directions, because two conjugate tangents at an umbilical point are always 
perpendicular to each other: and, in like manner, the planes of vergency being conjugate planes 
of deflexure will (by the seventeenth number) be themselves rectangular, if the final ray whether 
ordinary or extraordinary be such that taking it for the axis of deflexion of the medium-surface 
V, the indicating cylinder of deflexion is circular. 


The foregoing principles give also the law of osculation of the variable medium-surface V, 
between its extreme positions, in a final uniform medium, namely, that the distances of the variable 
osculating focus from the two points of vergency, are proportional to the squares of the sines of the 
inclinations of the variable plane of osculation to the two planes of vergency, multiplied respectively 
by certain constant factors. A formula expressing this law was deduced in the First Supplement; 
but the constant and in general unequal factors, (in the formula £ and 1,) for the squares of the 
sines of the inclinations, were inadvertently omitted in the enunciation.* Our present methods 
would enable us to investigate without difficulty the law for the more complicated case, when the 
osculating focus C being still in a uniform medium, the point of osculation B is in another uniform 
medium, or even in an atmosphere ordinary or extraordinary. 


We might extend the reasonings of the present number to the case of sudden reflexion or 
refraction, ordinary or extraordinary, and obtain analogous results, which would include, in like 
manner, the results of former memoirs. In this case we should find a certain analogous condition 
for the existence of a maximum or minimum of the function X vds; and when this condition is 
not satisfied, we should have to consider two pairs of separating planes, which cross the tangent 
plane of the reflecting or refracting surface in one common pair of separating lines: the two pairs 
of planes passing together from the real to the imaginary state, and in this passage closing up 
into two transition-planes, which touch the caustic pencil before and after the sudden reflexion or 
refraction, and intersect in one common transition-line, on the tangent plane of the reflector or 
refractor, connected with a transition-point upon the caustic curve of the pencil, and with certain 
extreme osculating waves or action-surfaces and focal reflectors or refractors, of a kind easily 
discovered from the analogy of the foregoing results. 


Formule for the Principal Foci and Principal Rays of a Straight or Curved 
System, Ordinary or Extraordinary. General method of investigating the 
Arrangement and Aberrations of the Rays, near a Principal Focus, or other 
point of vergency. 

25. Among the various points of consecutive intersection of the rays of an optical system, 

there are in general certain eminent points of vergency, in which certain particular luminous 


paths are intersected each by all the infinitely near paths of the system. These eminent points 
and paths have been pointed out in my former memoirs, and have been called principal foci, and 


* [See р. 128.] 
35-2 
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principal rays. They may be determined for straight final systems, by the characteristic function 
V, and by any three of the six following equations, * 


2d d р M LARA. Pu. 
ba + Ria” Smsy Rasp ” 

oy 1 6° T oy 1 6° ы! Wi 
зу К КЗ” st RN 0 Sad 
by лу, РУМО 

062 ' Roy? " 8zóm Б дуда 


2, y, 2 being the coordinates of any point on a principal ray, and 2 + aR, у + BR, z + yR being 
the coordinates of the principal focus; they may also be deduced from the auxiliary function W, 
when made homogeneous of the first disse with respect to c, т, v, by the equations* 


e 6О e &0, 

EP Ў Vs "9. ÒT ÒT + {== n 

eg 20, e 0 __ t 
gs tU aat Ea t ego AM 
ow e?Q eae 020, 

за =? Sudo + Bude = 


of which only three are distinct, and in which V corresponds to the focus: or from the function 
T, when expressed as depending on oc, т, с’, т’, y, by the following,* 
(Em). Me ( 028 ) h lg O89 ONS OND 010888 7 то М 
5072) 1503 Erba") “Babs Bebe! бебо CEP (кл) | 
“Р ( 8°5 ja (s 05 es SS ( es eS es os e es 028 
0007517) 180357597 57517 Badr Bobo! Stor * Babr. iei) *$3 bebo" sae 


(Ea) fs ( 28 Y 9,98 SS eS ral 028 ) 


= Mr) 1802 \9т8т' Sadr da dr’ 5тӧт | 513 Moor 
9285 25 ү &S\2 
~ 002 512 _ (бт) E. 
in which as before, S = T'— zv + z'v' 
When the final medium is variable, we may employ the following equations, 
DE, у К... ЭШ, ЖЖ SW. ) 
óc! (515 ^. DU | Debt тб _ bude 
iu aye ai 5080 $050 3080 
бе ÒT бу дс т бт 0v бы ёс 
KK (oe E 60 850 
= 452 ba буу ы) , (zn) 
Д isw i»y ТАР 1 1 ew 1»W 
í a? òo? ДВ? ёт? 4 ду? " а8б$ебт. Ву$тӧу  уаӧыдо 
9071 
= («5 tae 5 +75.) : 
* [See Appendix, Note 18, p. 495.] t [See p. 268.] 
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of which only three are distinct, but which are sufficient to determine the principal foci and 
principal rays of a curved system, ordinary or extraordinary, by the auxiliary function W, considered 
as depending on c, T, v, a’, y’, 2’, x, in conformity to the new view of that function, proposed in the 
present Supplement. The new function 7' might also be employed for the same purpose, but with 
somewhat less facility. 

It was remarked, in a former number, that at a point of vergency the general linear expressions 
for the relations of near rays fail; but the more complex expressions by which these linear forms 
must be replaced at a principal focus or other point of vergency, and generally when it is proposed 
to determine the aberrational corrections of the first approximate or limiting relations, can always 
be obtained without difficulty by developing to the required order of accuracy the general and 
rigorous equations which we have given for a luminous path. An example of such deduction will 
occur, when we come to consider the theory of instruments of revolution, which on account of its 
extent and importance must be reserved for a future occasion.* 


Combination of the foregoing View of Optics with the Undulatory Theory of Light. 
The quantities o, т, v, or i 24 4 Ae that is, the Partial Differential 


Coefficients of the First Order of the Characteristic Function V, taken with 
respect to the Final Coordinates, are, in the Undulatory Theory of Light, the 
Components of Normal Slowness of Propagation of a Wave. The Fundamental 
Formula (A) may easily be explained and proved by the principles of the same 


theory. 


26. It remains, for the execution of the design announced at the beginning of this Supplement, 
to illustrate the mathematical view of optics proposed in this and in former memoirs, by connecting 
it more closely with the undulatory theory of light. | 

For this purpose we shall begin by examining the undulatory meanings of the symbols c, т, v, 
of which, in the present Supplement, we have made so frequent a use, and which we have defined 
by the equations (E), 

eV eV èy 


S A ku. "je amy. >й, 


V being the undulatory time of propagation of light of some given colour, from some origin 
a’, у, 2, to a point a, y, 2, through any combination of media. It is evident that these quantities 
с, т, v are proportional to the direction-cosines of the normal to the wave for which the time V 
is constant, and which has for its differential equation 


0=8V = одг + тду + vdz; (А!) 
and if, as in the second number, we denote (s? + т? + v?) ^! by о, these direction-cosines themselves 


will be со, то, vw; and о will be the normal velocity, because the infinitesimal time ôF, during 


* [See footnote, p. 165.] 

t [For an alternative treatment of the connection of the undulatory theory with the emission theory, see 
Appendix, Note 19, p. 497. For an account of the connection of Hamilton's theory with the Wave Mechanics of 
de Broglie and Schródinger, see Appendix, Note 20, p. 500.] 
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which the wave propagates itself in the direction of its own normal through the infinitesimal 
line ôl, from the point z, y, 2, to the point 2 + со. ôl, y + Tw. Òl, z + vo . 0l, is 


BV — c. co. Br. ro Bl v. vo .81= dl: (В!) 
we may therefore call the quantities с, т, v, the components of normal slowness, because they are 
equal to the reciprocal of the normal velocity, that is, to the normal slowness, multiplied 
respectively by the direction-cosines of the normal, that is, by the cosines of the angles which it 
makes with the rectangular axes of coordinates. 

Such then may be said to be the optical meaning of our quantities o, 7, v, in the theory of 
the propagation of light by waves. And we might easily deduce from this meaning, and from the 
first principles of the undulatory theory, the general expression (A) for the variation of the 
characteristic function V, which has been proposed in the present and former memoirs, as 
fundamental in mathematical optics. For it is an immediate consequence of the dynamical ideas 
of the undulatory theory of light, that for a plane wave of a given direction and colour, in a given 
uniform medium, the normal velocity of propagation is determined, or at least restricted to a 
finite variety of values; so that this normal velocity may be considered as a function of its cosines 
of direction, involving also the colour, and depending for its form on the nature of the uniform 
medium, and on the positions of the axes of coordinates, to which the angles of direction are 
referred: and if the medium be variable instead of uniform, and the wave curved instead of 
plane, we must suppose that the normal velocity @ is still a function of its direction-cosines 
с (о? + т + 12), т (02 +724 12) 73, v (o? + 72-9) 75, and of the colour x, involving also, in this 
more general case, the coordinates 2, y, z. In this manner we are conducted, by the principles of 
the undulatory theory, to a relation between oc, т, v, 2, y, 2, X, of the kind already often employed 
in the present Supplement, namely, 

0=0= (c? - 7? + 12) о – 1, (М) 


О + 1 being a homogeneous function of c, т, v, of the first dimension, which satisfies therefore 


the condition 
60 60, $0, 


oft чыды = tue =О+1, 
and which involves also in general the coordinates æ, y, 2, and the colour y, and depends for 
its form on the optical properties of the medium in which the point z, y, z is placed. To 
connect now, for any given point and colour, the velocity and direction of the ray with the direction 
of the normal of the wave, we may suppose, at first, that the medium is uniform, and that the 
wave is plane. The two positions of this plane wave, at the time V, and at the time V + AV, 
may be denoted by the equations 

First от +ту tv =V+W, (О) 

Second c Az + тДу + vAz 2 ДУ, | 


in which c, т, v, W, are constants; and by the principles of the same undulatory theory, if the 
point æ + Az, y + Ay, z + Az, on the second plane wave, corresponding to the time V -- AV, be 
upon the ray that passes through the point æ, y, 2 of the first plane wave, it will be also on all 
the other infinitely near plane waves which correspond to the same time V -- AV, these other waves 
having passed through the point 2, y, 2 at the time V, and having made infinitely small angles 


www.rcin.org.pl 


26] IV. THIRD SUPPLEMENT 279 


with the first plane wave; we are therefore to find the coordinates 2 + Aw, y + Ay, z + Az, of the 
second point upon the ray, by seeking the intersection of the second wave (C735) with all those 
other waves which are obtained from it by assigning to ø, т, v, any infinitely small variations 


consistent with the relation 
0230. 20 PUR PPS 5а; 
óc ÒT бу 


and thus we find 


o AV 5° v AV Br? v АЎ bu’ irl 
as in the second number of this Supplement, and therefore 
v —G0c + Вт + уо, 
0 —a8c + 887 + yv, 
àv = сда + тёВ + оду, 
and finally 
до àv v _ E (Е) 


Sa" SB.” беу 


if we denote by v the reciprocal of the undulatory velocity with which the light is propagated 
along the ray,* and by a, B, у, the cosines of the angles which the ray makes with the axes of 
coordinates. We see, therefore, by the foregoing reasoning, which it is easy to extend to the case 
of curved waves and of variable media,} that the components a, т, v, of normal slowness of a wave, 
or the partial differential coefficients of the first.order of the time-function V, are equal to the partial 
differential coefficients of the first order, ут, EA "d of the undulatory slowness v of propagation 
along the ray, when this latter slowness is expressed as a homogeneous function of the first dimension 
of the direction-cosines a, B, y of the ray: which is the general theorem of mathematical optics, 
expressed by our fundamental formula (A). 


That general theorem does not appear to have been perceived by other writers; nor do they 
seem to have distinctly thought of the components of normal slowness, nor of the function of 
which these components are partial differential coefficients, that is, the time V of propagation of | 
light from one variable point to another, through any combination of uniform or variable media, 
considered as depending on the final and initial coordinates and on the colour: much less do 
those who have hitherto written upon light, appear to have thought of this time-function V as a 
CHARACTERISTIC FUNCTION, to the study of which may be reduced all the problems of mathematical 
optics. But the problem of connecting by general equations the direction and velocity of a ray 
with the direction and with the law of normal velocity of a wave, has been elegantly resolved by 
M. Cauchy, in the 50th Livraison of the Exercices de Mathématiques:t and the formule which 
have been there deduced by considering the normal velocity as a homogeneous function of the 

first dimension of its three cosines of direction, may easily be shown to agree with the 
equations (D"*). 


* [v being expressed as a homogeneous function of the first degree in a, B, y.] 
t [See Appendix, Note 19, p. 497.] 
1 [GZuvres, 2nd Ser., t. 12, pp. 113 et seg.] 
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Theory of Fresnel. New Formule, founded on that theory, for the Velocities and 
Polarisations of a Plane Wave or Wave-Element. New method of deducing 
the Equation of Fresnel's Curved Wave, propagated from a Point in a Uniform 
Medium with Three Unequal Elasticities. Lines of Single Ray-Velocity, and 
of Single Normal-Velocity, discovered by Fresnel. 


27. Let us now consider more particularly the undulatory theory of Fresnel. 

In that theory, the small displacements of the vibrating etherial points are confined to the 
surface of the wave, the ether being supposed to be sensibly incompressible, and so to resist and 
prevent any sensible normal vibration: and the tangential forces, which regulate the tangential 
or transversal vibrations, result in general from the elasticity of the ether, combined with this 
normal resistance. It is also supposed that the etherial medium has in general three principal 
unequal elasticities, corresponding to displacements in the directions of three rectangular ames 
of elasticity; in such а manner that if we take these for the axes of coordinates, any small 
component displacements da, dy, z parallel to these three axes will produce elastic forces — a?àz, 
— 0200, — c*Sz parallel to the same axes, and equal to the displacements taken with contrary signs 
and multiplied by certain constant positive factors a?, b?, c?: and any small resultant displacement, 
01, in any other direction, having д2, dy, 82 for its components or projections, will produce a 
corresponding elastic force — Æ ôl, of which the components are — a*da, — b*dy, — c*5z, and which 
has not in general the same direction as the displacement ôl, nor a direction exactly opposite to 
that. Light, polarised in any plane P, is supposed to correspond to vibrations perpendicular to 
that plane, and propagated without change of direction; and in order that a vibration should 
thus preserve its direction unchanged, while the plane wave or wave-element to which it belongs 
is propagated through the uniform medium with a normal velocity о, it is necessary and sufficient 
that the elastic force — #81, when combined with a normal resistance arising from the incom- 
pressibility of the ether, should produce a tangential force — w*6/, in the direction opposite to the 
displacement ôl, and equal to this displacement taken with a contrary sign, and multiplied by the 
square of the normal velocity of propagation, so that its components are — @?8а@, — wy, — 0202: 
that is, we must have the equations 


1 (o?— a?) às =} (02 — BY) by = = (w? — d) bs (К) 


in which c, т, v, are, as before, the components of normal slowness, so that the equation of the 
wave-element containing the transversal vibration is 

c 02 + тду + vz = 0. (A15) 
These equations (A15) (Е!8) suffice in general to determine, on Fresnel's principles, the velocities of 
propagation and the planes of polarisation for any given wave-element in amy known crystallised 
medium.* 

Thus, eliminating the components of displacement ба, dy, 22, between the equations (А18) 
(F!5), we find the following law of the normal velocity w, considered as depending on the normal 
direction, that is, on the ratios of c, т, v, 

2 2 


c? T у 
Rer у а кир iba — 


* [Equations (Е!8) merely express that the vibration takes place in a fixed line situated in the plane (A18), if 
we regard w/2m as the frequency. The identification of e with the normal velocity of propagation requires a 
further assumption, for which see Fresnel, GZuvres, 2 (1868), p. 529.] 
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To deduce hence the direction and velocity of a ray, for any given normal direction and normal 
velocity, compatible with the foregoing law, that is, for any given values of the components of 
normal slowness с, т, v, compatible with the relation (615), we are to make, by (M), 
i IA 
g? + Try 
and we then find, by (I), or by (D!5), the following expressions for the components of the velocity 
of the ray, 


(Н) 


а 0 co? M—o? 


— = L—— == SM 
= c 


v óc O41 оа?’ 


B 90 то? M-I ps 
v бт О+1 02—02’ qn) 


y 90 vo M-e 
v v Q-clo?-c? 


a) Ge) ats x 
ATAO 


And to deduce the law of the velocity : of the ray, considered as depending on its own direction, 


if we put for abridgment 


that is, on the cosines a, 8, у of its inclinations to the semiaxes a, b, c of elasticity, we are to 
eliminate (according to the general method of the second number) the ratios of c, т, v between 
the three expressions (118), and so to deduce the relation between the three components of velocity 


T P Y. now the equations (I5) give evidently, by (K!5), 
2,2 
Mod pd Lg. (Li) 


LI | 
ve y-t- 


they give also, when we attend to (G5), 


©+@+@->- om 
v 0 0 
X therefore is the velocity of the ray, or the radius vector of the curved wnit-wave, propagated - 
in all directions from the origin of coordinates during the unit of time; and the equation of the 
wave in rectangular coordinates æ, y, 2, parallel to the axes of elasticity, is 
а?а? p ez 
жй сё! Gisls-h'dijid-3—? yai 

or, when freed from fractions, 

(a? + y? 4- 22) (а?а? + 023) + 22) + af? = а? (P + c?) à? + 02 (02 + а?) y+ c (a? + 00) 22. (005) 
This method of determining the equation of Fresnel’s Wave, will perhaps be thought simpler 
than that which was employed by the illustrious discoverer, and than others which have since 
been proposed.* 

* [It appears from a footnote to a later paper, “ Оп a Mode of deducing the Equation of Fresnel's Wave” 
(No. XIV), p. 341, that at this time Hamilton was not acquainted with the method given by Fresnel in his 


“Mémoire sur la double réfraction,” Mém. Acad. Roy. des Sciences, 7 (1827), pp. 45-176. See also Fresnel's 
QGZuvres, 2 (1868), p. 561, where there is an editorial поќе by E. Verdet.] 
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Reciprocally to determine by our general methods the normal direction and velocity, or the 
components of normal slowness c, т, v, for any proposed direction and velocity of а ray compatible 
with this form of the wave, that is, for any values of a, 8, у, ^, compatible with the relation 
(L*), we are to substitute for the ray-velocity X in that relation its value (M35), and we find, 
by (E*), 


| 0v 8 1—02? bi 
T7887 v BB d 
290€ y 1-909 
(y v P= Ce? 
if we put for abridgment 
dc 2 2 
а) +в) (е) 


= — a 18 
A ( ав + bB сү у (Q") 
waa) (д) Gta 
It is easy to see that the value of v thus determined is the normal slowness, or reciprocal of о, 
because the expressions (P!5) give, by (Li), 


o! Ti vie y (R35) 
and since the same expressions give also evidently, by (Q5), 
c? T 1? 


1052 1022? гоа e) 


we easily deduce the law (G!5) of dependence of the normal velocity on the normal direction, from 
the form of Fresnel's wave, as we had deduced the latter from the former. 


The equations (128) (M35) which gave us the equation of the wave in rectangular coordinates, 
give also the following polar equation for the reciprocal of its radius-vector, that is, for the 
slowness v of the ray, 


Оа (ао) + Pea) at 9) 
+ (a? + 8° + у?) (a?b7? c7? + BP Fa + ya"), (Т5) 
and therefore the following double expression for the square of this slowness, 


0 = d(c?  a7?) (02 + 8+ y?) EAD E e 
+4 (c? — a7) (A' A" + Ма + Bi y — AP Мой + PtP Д"), (U^) 


if we put for abridgment 
j biLa? Га 3 
side: oa YA сада’ 


JE SEE ыы! 
SIN коа YA ауа 


supposing therefore а? >b? > c?, the polar equation of the wave may be put under the form 


p^? 2 4 (07 + a7) +4 (67 — a7) cos. ((pp’) + (рр”)), (W) 


О) 
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p being the radius-vector or velocity, and (pp’) (pp") being the angles which this radius p makes 
with two constant radii p', p’’, determined by the following cosines of their inclinations to the 
semiaxes of a, y, z, or of a, b, c, 


, " b-a? , " , " с — 0—3 
Ра = ра гоў азана а рь = рь = 0, ре =—ре = д / а: (X5) 


The expression (W!5), for the reciprocal of the square of the velocity of a ray, has been assigned 
by Fresnel, who has also remarked that it gives always two unequal velocities unless the direc- 
tion p of the ray coincide with some one of the four directions + р’, + p", which are opposite two 
by two, and situated in the plane ac of the extreme axes of elasticity. Fresnel has shown in 
like manner that any given normal direction corresponds to two unequal normal velocities, 
except four particular directions, which we may call + w’, + w”, and which are determined by the 
following cosines of direction, 


3  ]2 2. 72 
"M MEQUE Rd Du s — а н y - "ad and 0, "M ы w MA S — a : (Y15) 
and in fact it is easy to establish the following expression for the double value of the square of 
the normal velocity, analogous to the expression (W!5), 

w? = } (а? + c?) + 1 (a? — c?) cos. ((wa’) + (ww’’)), (218) 
which cannot reduce itself to a single value, unless the sine of (ww’) or of (ww’’) vanishes. Fresnel 
has given the name of optic aces sometimes to the one and sometimes to the other of the two 
sets of directions (X15) (Ү!8); but to prevent the confusion which might arise from this double 
use of a term, we shall, for the present, call the set + р’, +p”, by the longer but more expressive 
name of the directions or lines of single ray-velocity: and similarly we shall call the set + w’, 
+ w”, the directions or lines of single normal velocity.* 


New Properties of Fresnel’s Wave. This Wave has Four Conoidal Cusps, at the 
Ends of the Lines of Single Ray-Velocity: it has also Four Circles of Contact, 
of which each is contained on a Touching Plane of Single Normal- Velocity. 
The Lines of Single Ray-Velocity may therefore be called Cusp-Rays; and the 
Lines of Single Normal-Velocity may be called Normals of Circular Contact.t 


28. The reasonings of the foregoing number suppose that the axes of coordinates coincide 
with the axes of elasticity; but it is easy to extend the results thus obtained, to any other axes 
of coordinates, by the formule of transformation which were given in the thirteenth number. 
We shall content ourselves at present with considering two remarkable transformations of this 
kind, suggested by the two foregoing sets of lines of single velocity, which conduct to some new 
properties of Fresnel’s wave, and to some new consequences of his theory. 


The polar equation (W!5) of the wave may be put under the form 
124 (7-7) p (07 — a7?) (r^r + Vp? — 1? Vp? 77], (AX) 
if we put for abridgment 
т = A'p=axp_ +гре, т =A" p=apq’ + ре, (BY) 


* [This latter set is now known as the optic axes.] 
+ [For a discussion of the geometrical properties of the wave surface, considered as an apsidal surface, see 
Salmon, Analytic Geometry of Three Dimensions, 2 (1915), chap. хту.] 
36-2 
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so that 7’, r”, are the projections of the radius-vector р on the directions р”, p”, of single ray- 
velocity; and if we take new rectangular coordinates а,, y,, z,, such that the plane of 2,2, is 
still the plane ac of the extreme axes of elasticity, but that the positive semiaxis of z, coincides 
with the line p', we may employ the following formule of transformation 


2 = ‚ре + 2,ра y = Yi £m ee Ds. + Z,pe (С?) 


which give 
) + z, cos. (p'p"^), (р) 


t ДА > AS ia 
р= 22 „у + 2,2, 7-2, T зау Bm, (рр 


and change the equation (A™) of the wave to the form 
= b22? + 2,2, (0 — a7) sin. (p'p) 1-3 (07 + a) (e + y?) 
+ (o7? — a7?) Va? + y N (s, sin. (p’p”) — а, cos. (pp) - y. (EX) 


This equation enables us easily to examine the shape of the wave near the end of the radius p', 
that is, near the point having for its new coordinates 


a,=0, y,20, 2, =b; (#9) 
for 16 takes, near that point, the following approximate form, 
=b — 4b Vc? — b73 Vb — a? (a, + Ма? + у), (619) 


which shows that at ii point (Е!) the wave has a conoidal cusp, and is touched not by one 
determined tangent plane but by a tangent cone of the second, degree, represented rigorously by 
the equation (0129). Fresnel does not appear to have been aware of the existence of this tangent 
cone to his wave; he seems to have thought that at the end of a radius p' of single ray-velocity 
the wave was touched only by two right lines, contained in the plane of ac, namely, by the 
tangents to a certain circle and ellipse, the intersections of the wave with that plane: but it is 
evident from the foregoing transformation that every other section of the wave, made by a plane 
containing the radius-vector p', is touched, at the end of that radius, by two tangent lines, 
contained on the сопе (G!9) It is evident also that there are four such cono)dal cusps, at the 
ends of the four lines of single ray-velocity, + p', + p". They are determined by the following 
coordinates, when referred to the axes of elasticity, 


sie 925, у=®% "вау =: (н 
and they are the four intersections of Fresnel’s circle and ellipse, in the plane of ac, which 
have for their equations in that plane 

а? + 22 = 02, ада? + 2? = arc’. (m 
Again, if we employ the following new formule of transformation, 
= ж,б, +204, у=, 2=— „ш +2, Oc, (Кз) 


so as to pass to a new system of rectangular coordinates such that the plane of 2,2, coincides 
with the plane of ac, and the positive semiaxis of z, with the line w’ of single normal velocity, 
we find a new transformed equation of the wave, which may be thus written, 


(2,2 T We т Ly Zn А д, Va? — b? b? wb? — c dy Q (1 ir V ETÀ (L9 
if we put for abridgment | 
@= (a? + 0°) p + (а? — 0?) r'r” — а? (1 + zb); (M?) 
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and hence it is easy to prove that the plane 
Zn = b, (N™) 

which is perpendicular to the line w' at its extremity, touches the wave in the whole extent of 
a circle; the equation of this circle of contact being, in its own "thoi 

a? + y, + а„Ь—% Май — 12 УЬ — e (019) 
It is evident that there are four such circles of m contact at the ends of the four lines 
+’, to", of single normal-velocity. They are all equal to each other, and the common 
magnitude of their diameters is 57! Va? — 52 Vb? — сё, The same conclusions may be drawn from 
Fresnel's equation of the wave in coordinates æ, у, 2, referred to the axes of elasticity: the 
equations of the four planes of circular contact being, in these coordinates, 

г Nb? – ё + а Май — 8 = + Ь Ма? — c. СЕ) 
Fresnel however does not himself appear to have suspected the existence of these circles 
of contaet, nor do they seem to have been since perceived by any other person. We shall find 
that the circles and cusps, pointed out in the present number, conduct to some remarkable 
theoretical conclusions respecting the laws of refraction in biaxal crystals. 


New Consequences of Fresnel's Principles. It follows from those Principles that 
Crystals of sufficient Biawal Energy ought to exhibit two kinds of Conical 
Refraction, an External and an Internal; a Cusp-Ray giving an External 
Cone of Rays, and a Normal of Circular Contact being connected with an 
Internal Cone. 


29. The general formule for reflexion or refraction, ordinary or extraordinary, which we have 
deduced os the nature of the characteristic function V, become simply 


Ас = 0, Ar=0, (О?) 


when we take for the plane of zy the tangent plane to the reflecting or refracting surface; 
they show therefore that the components of normal slowness parallel to this tangent plane are not 
changed, which is a new and general form for the laws of reflexion and refraction. It is easy to 
combine this general theorem with Fresnel's law of velocity, and so to deduce new consequences 
from that law with respect to biaxal crystals. | 


For this deduction, our theorem may be expressed as follows, 


dv до bv ), 


0-A(« 5 ба Т БВ t eg, (R9) 


in which v is the undulatory slowness of а ray considered as a homogeneous function of the first 
dimension of the cosines a, 8, y of its inclinations to any three rectangular semiaxes a, b, c, while 
A refers to the changes produced by reflexion or refraction, the unaltered trinomial to which it 
is prefixed being the component of normal slowness in the direction of any line ¢ on the tangent 
| plane of the reflecting or refracting surface, and a, bi, c; being the cosines of the inclinations of 
this line to the semiaxes a, b,c: and in order to combine this theorem with the principles of 
Fresnel, we have only to suppose that the rectangular semiaxes a, b, c in each medium are the 
semiaxes of elasticity of that medium, and that the form of the function v is determined as in 
the twenty-seventh number. 
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Thus, to caleulate the refraction of light on entering from a vacuum into a biaxal crystal 
а, b, c, bounded by a plane face F, we may denote by оо, Bo, yo the cosines of the inclinations of 
the external or incident ray to two rectangular lines s, upon the face F, and to the inward 
normal, and we shall have the two equations following,* 
до ә | ov 
б = а, 5 + b, 58 + с, by (= са, + Tb, + vc;), TA 


ò 6 ò 
Bom m + уа + ш (= om + mbt ос), 


which contain the required connexions between оо, fe, Yo and а, 8, y, that is, between the 
external and internal directions. In this manner we find in general two incident rays for one 
refracted, and two refracted for one incident; because a given system of values of a, B, у, that is, 
a given direction of the internal ray, corresponds in general to two systems of values of the 
internal components of normal slowness с, т, v, and therefore to two systems of values of a, Bo, уо, 
that is, to two external directions; while, reciprocally, a given system of two linear relations 
between c, т, v, deduced by (819) from a given external direction, corresponds in general to two 
directions of the internal ray. But there are two remarkable exceptions, connected with the 
two sets of lines of single velocity, and with the conoidal cusps and circles of contact on 
Fresnel’s wave. 

For we have seen that at a conoidal cusp the tangent plane to the wave is indeterminate ; 
it is evident therefore that a cusp-ray must correspond to an infinite variety of systems of 
components of normal slowness c, т, v, within the biaxal crystal, and therefore also to an infinite 
variety of systems of direction-cosines бу, o, yo of the external ray; so that this one internal 
cusp-ray must correspond to an external cone of rays, according to a new theoretical law of light 
which may be called EXTERNAL CONICAL REFRACTION. 

And again, at a circle of contact, the wave has one common tangent plane for all the points 
of that circle, and therefore the infinite variety of internal rays which correspond to these 
different points have all one common wave-normal, which may be called a normal of circular 
contact, and all these internal rays have one common system of components of normal slowness 
c, т, v within the crystal, and consequently correspond to one common external ray: so that thes 
one external ray 18 connected with an internal cone of rays, according to another new theoretical 
law of light, which may be called INTERNAL CONICAL REFRACTION, 

To develope, somewhat more fully, these two new consequences from Fresnel’s principles, 
let us begin by considering external conical refraction: and let us seek the equation of the 
external cone of rays, corresponding to the internal cusp-ray p’. The approximate equation (О?) 
of the wave, near the end of this cusp-ray, in the transformed coordinates z,, y,, z,, gives the 
following approximate expression for the undulatory slowness v of a near ray, considered as 
a homogeneous function of the first dimension of the cosines @,, 8,, y, of its inclinations to the 
positive semiaxes of these coordinates z,, y,, 2,, 


y» by, Tr, (a, іма + В), (pm 
in which 
т, = 4b Vc? b 3p —a3; (029) 


* [Taking the velocity of light in vacuo to be unity.] 
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it gives therefore by our general method, the following components of normal slowness parallel 
to the same semiaxes of z,, y, Z, 


dv r,B 
= = — == Ren < aL yi 
= т, $ В, в Маг m Ву H ( ) 


gps + vp, = v, = = zb, 
! 


the expressions for o,, т, becoming indefinitely more accurate as œ, 8, diminish, that is, as 
the near internal ray approaches to the cusp-ray p’, and the expression for v, being rigorous: 
the relations between the components of normal slowness c, v, v of the cusp-ray p' are therefore 


(ср — эра ) + 1 = 27, (cp; — ири), сра t vpe = 07, (УЗ) 
and the equation (in ао, Bo) of the external сопе of rays corresponding to the one internal cusp-ray 


р’ ws to be found by eliminating these three internal components с, т, v between the two relations 
(W!) and the two equations of refraction (S19) 

For example, if the internal cusp-ray p' coincide with the inward normal to the refracting 
face F of the crystal, we may take, for the semiaxes s, upon that face, the projection of a, and 
the semiaxis b of elasticity; and then the equations of refraction (S?) becoming 


% =p. —vpa, Во=т, (Хэ) 
we have, by (W”), the following polar equation of the external cone of rays, 
а + Bo? = 27,00; (177 
ог, in rectangular coordinates, an equation of the fourth degree, 
(xo? + yor)? = 4,2 ax (а? + Yo? + 20°). (7%) 


This cone* is nearly circular in all the known biaxal crystals, because the coefficient т, is small, 
by (102), when the biaxal energy is weak, that is, when the semiaxes of elasticity а, b, c are nearly 
equal to each other: and rigorously the external cone (Z) meets the concentric sphere of radius 
unity in a curve contained on a circular cylinder of radius = r,, one side of this cylinder coinciding 
with a ray of the cone. 


With respect to the internal conical refraction, the equation of the internal cone of rays corre- - 
sponding to the internal wave-normal w', or normal of circular contact, is always, by (№9) (O19), 
2,2 * Yu T 2r, v, Zn x 0, if T, 77 b Lh Ма? yi p b? — ei (А?) 
when referred to the rectangular coordinates 2,,y,,2, by the transformation (K!9); and in the 
simpler rectangular coordinates æ, y, z which are parallel to the axes of elasticity the equation of 
this cone is 
(д0, — 20а ) + y? + 2r, (аш, — 2wa ) (ves + zo, ) = 0, (В®) 
in which we may change the coordinates 2, у, 2 to the direction-cosines а, 8, y of an internal 
ray of the cone: while the one external ray corresponding is determined by the following direction- 
cosines 
w= w, Bo=b a; ; (С?) 
* [The cone (719) із not equivalent to (Y!9); (719) contains (Ү!9), together with its reflection іп z,—0. Thus 
when т, is small, (729) gives a double circular cone, but (Ү!9) a single circular cone.] 
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or by the ordinary law of proportional sines, since the internal wave-normal of cireular contact 
w', which is one ray of the internal cone, is connected with the external ray by this ordinary law, 
if we take as the refracting index of the crystal the reciprocal 6-1 of the mean semiaxis of elasticity. 
It is evident hence that if the internal cone emerge at a new plane face, it will emerge a cylinder, 
whether the two faces be parallel or inclined, that is, whether the crystal be a plate or a prism. 


Theory of Conical Polarisation. Innes of Vibration. These Lines, on Fresnel's 
Wave, are the Intersections of Two Series of Concentric and Co-axal Ellipsoids. 


30. A given direction of a wave-normal in a biaxal crystal corresponds in general to two 
directions of vibration, and therefore to two planes of polarisation, determined by the equations 
(F5), namely one for each of the two values о;?, оз? of the square of the normal velocity deduced 
by (018) from the given system of ratios of о, т, v; and these two directions of vibration, or the two 
planes of polarisation, that is, the two normal planes of the wave perpendicular to these vibrations, 
are perpendicular to each other, since we can easily deduce from (G!5) the following relation 
between w, 02, i | » ) 
с v 
(e$ - a) (i-a + (а) (а) *@F-Aer—-a) ^ ©? 
which general rectangularity of the two vibrations on any one plane wave has been otherwise 
established by Fresnel, and is an important result of his theory. But besides this general double 
polarisation connected with the general double refraction in biaxal crystals, we may consider two 
other kinds which may be called conical polarisation, connected with the two kinds of conical 
refraction, which were pointed out in the foregoing number. 

To examine the law of the conical polarisation connected with the internal conical refraction, 
and therefore with the planes of circular contact, we may employ the coordinates c, , y, , z, defined 
by (K19), and thus transform the general equations of polarisation (A!5) (F5) into the following 
equally general, 

о, 02,--O, 02,, 5 О, ГУЛА Мы. a д0, + We OR o 9 
We Fy + Oa Vn мед" "n vr M — Oa Cp + We V, “ k (Е?) 

c, Or, + 7, у, + о, 82, = 0; 
which give, for the projection of a vibration on the plane z,y, of single normal velocity, the 
rigorous formula 

ду, "T (02 — а?) (e? — c?) Ti (Е) 
дт, о? — b? v, Ма? BV È+ e, (®® + b а e) 
and for any plane wave slightly inclined to this plane of z, y, the following approximate relation 
between the components of normal slowness, 

(amber (oy Ме) (9% 
retaining the meaning (A?) of т„; and if we attend to the general connexions, established in this 
Supplement, between the direction-cosines of a ray and the components of normal slowness of a 
wave, we easily deduce from (020), by differentiation, the following other relations, 


c B du кт 
=- x =r (1+ =) ui | ы a аЛ TLE? (Н®) 
Yn бе, 4 á Мау + т | Yn бт, Vo Ф T 
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and finally * for the vibrations of a near wave 


y, Ty es B, 20 
én, — Мс. 2 TW" (I9) 
wir Cae Nu dT, 7 
This formula contains the theory of the conical polarisation connected with internal conical 
refraction. It shows that the vibrations at the circle of contact on Fresnel's wave are in the chords 
of that circle drawn from the extremity of the normal w of single velocity; and therefore that the 
corresponding planes of polarisation all pass through another parallel normal at the opposite point 
of the circle. The plane of polarisation, therefore, in passing from one position to another, revolves 
only half as rapidly as the revolving radius, so that the angle between any two planes of polarisa- 
tion is only half the angle between the two corresponding radii of this circle on Fresnel’s wave. 
And if we suppose that the direction of the external incident ray coincides with the wave-normal 
о’, and therefore also with the normal to the refracting face of the crystal, then the small internal 
components of normal slowness, c, , 7,,, parallel to this refracting face, are equal (by our general 
theorem of refraction) to the small external direction-cosines со, £o of the inclinations of a near 
incident ray to the semiaxes of z, and y,; from which it follows, by (120), that the plane of external 
incidence containing this near incident ray revolves twice as rapidly as the corresponding plane of 
refraction. 
For the other kind of conical polarisation, connected with the external conical refraction, and 

therefore with the conoidal cusps on Fresnel’s wave, we find by a similar process, 


бу, T, B, 20 
ба, N с, at, + Va? + rr а (К ) 

and 
62, = — 2br, д2,, (12) 


r, having the meaning (09). The formula (K) shows that the normal plane to the wave, con- 
taining any vibration near the cusp, contains either the cusp-ray itself, or a line parallel to this 
ray; so that the direction of any near vibration coincides with or is parallel to the projection of 
the cusp-ray on the corresponding tangent plane of the wave, or of the cone which touches it at 
the cusp: and the formula (L?") shows that all these near vibrations are parallel to one common 
plane, which is easily seen to be perpendicular to the plane of ac, and to contain the tangent at 
the cusp to the elliptic section (I?) of the wave, made by this latter plane; so that all the planes ` 
of polarisation near the cusp, contain, or are parallel to, the normal of this elliptic section. And 
the direction of any near vibration on the wave, or on its tangent cone, may be obtained by cutting 
the corresponding tangent plane of this wave or cone by a plane perpendicular to this elliptic 
normal. 

If the cusp-ray be incident perpendicularly on a refracting face of the crystal, then the 
internal components c,, т, are equal to the direction-cosines ао, Во of the corresponding ray of 
the emerging external cone; and therefore, by (K®), the plane of refraction of this external ray 
contains the internal vibration, and therefore also, by Fresnel's principles, the external vibration 
corresponding: so that, in the external conical polarisation, produced by the perpendicular internal 
incidence of a cusp-ray, the plane of polarisation of an external ray is perpendicular to its plane 


* [Regarding o,, and r, as small, we get from (G”) 


* «= — W, p (T, t Ma, + т). 
On insertion in (Е?0), we get (120).] 
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of refraction; and therefore revolves about half as rapidly as the plane containing this emergent 
ray and passing through the approximate axis of the nearly circular emergent cone, when the biaxal 
energy is small. We see also, by (К?0), that the plane containing the cusp-ray and containing or 
parallel to a near internal ray, revolves with double the rapidity of the plane containing the cusp- 
ray and parallel to the near wave-normal; and therefore, in the case of perpendicular incidence 
of the cusp-ray, the plane of incidence of a near internal ray revolves with double the rapidity of 
the plane of external refraction, which, as we have seen, contains here the external vibrations. 


In general, the equations of polarisation (F!5), which we have deduced from Fresnel's principles, 
conduct, by (1:8) (128), to the following simple formula 
a?a 8a +b 883 + судг = 0, (M?) 
ба, dy, dz being still the components of displacement parallel to the semiaxes а, b, c, and a, 8, у 
being still the cosines of the inclinations of the ray to the same semiaxes of elasticity: and this 
formula (М®), when combined with the equation of transversal vibrations, 


8V=0, or cda+7dy+vdz=0, (A15) 


determines easily the direction of vibration for any given direction and velocity of a ray, that is, 
for any point of Fresnel's curved wave propagated from a luminous origin within a biaxal crystal. 
And we easily see that on any wave in a biaxal crystal, whether propagated from within or from 
without, the differential equation (M%) determines а series of lines of vibration, having the 
property that at any point of such a line the vibration is in the direction of the line itself. To find 
these lines on Fresnel's wave (O5), we may change a, B, у to 2, y, z in the differential equation (M9), 
and we then find, by integration, 
aa? + Dy? + 0222 e, (N2) 

e being an arbitrary constant; and since this integral, when combined with the equation (O!5) of 
the wave itself, gives 


(а^ a" e^) а? 4. (0% + e?) y? 4- (c* + e$) 2° ei (a? + p? + e» et abe, (0%) 
we see that the lines of vibration on Fresnel’s wave, propagated from a point in а бахаї crystal, 
are the intersections of two series (М№%) (O°) of concentric and co-awal ellipsoids. 


By this general integration, extending to the whole wave, or by integrating the approximate 
equations for vibrations near the conoidal cusps and circles of contact, obtained from (K? (I?) by 
changing the direction-cosines of a ray to the proportional coordinates of the wave, we find that near 
a cusp the lines of vibration coincide nearly with small parabolic arcs on the tangent cone of the 
wave, in planes perpendicular to the elliptic normal already mentioned;* and that in crossing 
a circle of contact the course of each line of vibration is directed towards that point of the circle 
which is the end of the corresponding wave-normal of single velocity, that is, towards the foot of 
the perpendicular let fall from the centre of the wave on the plane of circular contact. 


* [Referred to the coordinates defined in (C'), the ellipsoids (N%) become, near the cusp, approximately 
(2, — b) + 207, 2, = const. 
These planes cut the external cone in parabolas.] 
t [The section of a?2? + 022 + c?7? = const. by z,,=b is the circle 
2,2 4- y, + Ar, bx, = const. 
The centre of this circle is in the circumference of the corresponding circle of plane contact at the point 
diametrically opposite to the foot of the wave-normal of single velocity.] 
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In any Uniform Medium, the Curved Wave propagated from a point is connected 
with a certain other surface, which may be called the Surface of Components, 
by relations discovered by M. Cauchy, and by some new relations connected 
with a General Theorem of Reciprocity. This new Theorem of Reciprocity gives 
а new construction for the Wave, in any Undulatory Theory of Light: and it 
connects the Cusps and Circles of Contact on Fresnel's Wave, with Circles and 
Cusps of the same kind on the Surface of Components. 


31. The theory of the wave propagated from a point in any uniform medium, may be much 
illustrated by comparing this wave with a certain other surface which appears to have been first 
discovered by M. Cauchy,* who has pointed out some of its properties in the Livraison already 
referred to. In that Livraison, M. Cauchy has treated of the propagation of plane waves in a 
system of mutually attracting or repelling particles; and has been conducted to a relation 
between the normal velocity of propagation, which he calls s, and the cosines of its inclinations 
to the positive semiaxes of 2, y, 2, which cosines he denotes by a, b, c. The relation thus found 
being expressed by equating to zero a certain homogeneous function (of the sixth dimension) of 
в, a, b, с, it has suggested to М. Cauchy the consideration of в as a homogeneous function of the 
first dimension of the cosines a, b, c, whereas we have preferred to treat the normal velocity 
(denoted in this Supplement by ) as a homogeneous function of its cosines of direction of the 
dimension zero; a difference in method which makes no real difference in the results, because the 
relation existing between the cosines (namely, that the sum of their squares is unity,) permits 
us to transform in an infinite variety of ways any equation into which they enter. M. Cauchy 
deduces from his view of the relation between the normal velocity and cosines of normal direction, 
the following equations between the time £ and the coordinates 2, y, 2 of a ray from the origin 


of coordinates, 
| v ds. y de. 2. de 


ао 62-2 85:0 | 
which were alluded to in the twenty-sixth number of the present Supplement, as substantially 
equivalent to our equations (D!5). He deduces also an equation of the form 


ARRO 


which he constructs by a surface having =, à d for its coordinates, Our methods suggest 


immediately the same surface, as the construction of the same equation under the form 
О (c, т, v) = 0, 
which has been so frequently employed in this Supplement; and from the optical meanings that 
we have pointed out for the coordinates c, т, v, of this surface О = 0, we shall call it the surface of 
components of normal slowness, or simply the surface of components. M. Cauchy shows that this 
surface is connected with the curved wave propagated from the origin of coordinates in the unit 
of time, (which we have called the unit-wave and may denote by the equation 
V =1,) 
by two remarkable relations, which can easily be deduced from our formule, and may be thus 


* [GZwvres, 2e. Sér., t. 9, pp. 406-410. ] 
37-2 
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enunciated : first, the sum of the products of their corresponding coordinates, or, in other words, 
the product of any two corresponding radii multiplied by the cosine of the included angle, is unity ; 
and secondly, the wave is the enveloppe of the planes which cut perpendicularly the radii of the surface 
of components at distances from the centre equal to the reciprocals of those radi. 

To these two relations, discovered by M. Cauchy, we may add a third, not less remarkable, 
which he does not seem to have perceived: namely, that the surface of components is the enveloppe 
of the planes which cut perpendicularly the radii of the wave at distances from its centre equal to 
the reciprocals of those radii, that is, equal to the slownesses of the rays. For it is a general 
theorem of reciprocity between surfaces, which can easily be deduced from the evident coexistence 
of the three equations 

ба” + ydy' +202 =0, (P20) 


а +yy +22 = | 
282+ у у + 2 дг = 0, 


that if one surface В be deduced from another A by drawing radii vectores to the latter from an 
arbitrary origin О, and altering the lengths of these radii to their reciprocals without changing their 
directions, and seeking the enveloppe B of the planes perpendicular at the extremities to these 
altered radii of A, then reciprocally, the surface A may be deduced from B by a repetition of the 
same construction, employing the same origin О, and the same arbitrary unit of length. For 
example, if the surface A be formed by the revolution of an ellipse about its greater axis, and 
if we place the arbitrary origin O at one focus of this ellipsoid A, and take the arbitrary unit 
equal to the semiaxis minor, the enveloped surface B will be a sphere, having its diameter equal 
to the axis major of the ellipsoid, and its centre on that axis major, the interval between the 
centres of the two surfaces being bisected by the origin 0; and if from this excentric origin we 
draw radii to the sphere B, and change these unequal radii to their reciprocals, and draw per- 
pendicular planes at the extremities of these new radii, the enveloppe of the planes sc drawn 
will be the ellipsoid A, Another particular case of this general theory of reciprocal surfaces, 
namely, the case of two concentric and co-axal ellipsoids, referred to their centre as origin, and 
having the semiaxes of one equal to the reciprocals of those of the other, has been perceived by 
Mr. MacCullagh,* and elegantly proved by him, in the Second Part of the Sixteenth Volume of the 
Transactions of the Royal Irish Academy. 

This general theorem of reciprocity, when applied to the unit-wave and surface of components, 
gives a new construction for the unit-wave in any uniform medium, and for any law of velocity: 
namely, that the wave is the locus of the points obtained by letting fall perpendiculars from the 
centre on the tangent planes of the surface of components, and then altering the lengths of these 
perpendiculars to their reciprocals, without altering their directions. 

It follows also from this general theory of reciprocal surfaces, that a conoidal cusp on any 
surface A corresponds in general to a curve of plane contact on the reciprocal surface B, and 
reciprocally; and, accordingly the cusps and circles on Fresnel’s wave are connected with circles 
and cusps on the corresponding surface of components, which latter surface is indeed deducible 
from the former by merely changing the semiaxes of elasticity а, b,c to their reciprocals. And 
it was in fact by this general theorem that I was led to discover the four circles of contact on 
Fresnel’s wave, by concluding that this wave must touch four planes in curves instead of points 
of contact, as soon as I had perceived the existence of four conoidal cusps on the surface of 


* [Collected Works, p. 3.] 
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components, by obtaining (in some investigations respecting the aberrations of biaxal lenses) the 
formula (Q2), which is the approximate equation of such a cusp. I easily found also that there were 
only four such cusps on each of the two reciprocal surfaces, and therefore concluded that there 
were only four curves of plane contact on each. I may mention that though I have taken care 
to attribute to M. Cauchy the discovery of the surface of components, yet before I met the 
Exercices de Mathématiques, I was familiar, in my own investigations, with the existence and with 
the foregoing properties of this surface: it is indeed immediately suggested by the first principles 
of my view of opties, since it constructs the fundamental partial differential equation 


which my characteristic function V must satisfy in a final uniform medium. 


The surface of components possesses many other interesting properties, for example the follow- 
ing, that in а final uniform medium any two conjugate planes of vergency (Е!) are perpendicular 
to two conjugate tangents on it: which is analogous to the less simple relations considered in the 
twenty-first number. But the length to which this Supplement has extended, confines me here 
to remarking, that the general equations of reflexion or refraction, 


Ac=0, Ar=0, (Q”) 


may be thus enunciated; the corresponding points (т, т, v, and с + Ac, т + Ат, v + Av) upon the 
surface or surfaces of components (0 = О, 0 = О + AQ,) before and after any reflexion or refraction, 
ordinary or extraordinary, are situated on one common perpendicular to the plane which touches 
the reflecting or refracting surface at the point of reflexion or refraction; a new geometrical 
relation, which gives a new and general construction to determine a reflected or refracted ray, 
simpler in many cases than the construction proposed by Huyghens. 
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